MODULE ALGEBRA FOR INITIAL ALGEBRA SEMANTICSP.H. RodenburgProgramming Research Group, University of AmsterdamIt is shown that speci�cation modules may be interpreted by a free functor con-struction on arbitrary algebras in such a way that most of the laws of the modulealgebra of Bergstra, Heering and Klint are satis�ed; in particular, the normal formtheorem for closed module expressions holds. By way of conclusion, two explica-tions of parameter passing are pointed out.1. IntroductionIn [BHK], Bergstra, Heering and Klint describe a simple calculus of sym-metric combination and export (BMA, for basic module algebra), which theyhope may serve as a foundation for a formal theory of modularization. They treata number of interpretations of this calculus, concentrating in particular on modelclasses and �rst order theories. (The pertinent ideas were applied in work onCOLD [FJ] and VDM [Mi].) With regard to initial algebra semantics, they onlysuggest a rather simple-minded derivative of the model class interpretation,which they immediately show to be untenable. Below a more sophisticated ap-proach will be taken: a straightforward generalization of initial algebra semanticswill be described that constitutes a model of the essentials of module algebra.Some generalization appears to be unavoidable, since there is no compositionof initial algebras to correspond to the simple combination of speci�cations.1.1 Example (BERGSTRA). De�ne Sn, for n ˛I N, with signature{S, a:S, I:SaS}by the axioms Ia=a and Inx=x (In stands for n applications of I). All Sn have thesame, trivial, initial algebra; but to an additional constant b:S they all react differ-ently.The intuitive argument for the actual generalization proposed below runs asfollows. Suppose we have some equational speci�cation T ; of natural numbers,say, or of sequences of items of some assumed sort. Then T adds data and ope-rations to whatever it was that we already had. What we already had must havebeen some complex of data and operations � an algebra A; and adding the spe-ci�ed numbers, sequences or what have you, we get an algebra F T (A). So at theheart of a module, we have a construction F T of algebras out of algebras, similarto the �free construction� that Thatcher, Wagner and Wright used as the basis of

INITIAL ALGEBRA SEMANTICS2the theory of parametrized speci�cations [TWW]. However, the module is notjust this construction: it is also the way in which F T (A) is related to A, in parti-cular, which elements of F T (A) represent which elements of A. Now supposethat we expect the construction F T to respect the fundamental algebraic relationsbetween its inputs. Indeed, if we generalize the concept of homomorphism, sothat a homomorphism in the wider sense from A to B is a homomorphism in theold sense from A to a reduct of B, we get a category Alg of all algebras; thenthese wider homomorphisms will do for fundamental algebraic relations, and thedecency expected of F T is: that it is an endofunctor of Alg. Now it is natural topresent the relation between A and F T (A) as a homomorphism A a F T (A); anduniformly for all algebras, as a natural transformation from the identity functorof Alg to F T . Then �nally the module given by T is the isomorphism class �isomorphism in a sense to be speci�ed below � of this natural transformation.Generalizing away from syntactic entities such as T , we arrive at the uniformitytypes of ⁄8.The de�nition of F T is such that if T has an initial model I, we have F T (˘) @I, where ˘ is the unique algebra of empty signature. It will follow, if T and T ¢have initial models I and I¢, and T and T ¢ represent the same uniformity type,that I @ I¢. The converse is de�nitely false, as it should be, by example 1.1. In⁄7 an embedding will be constructed of the modules corresponding to �at equa-tional speci�cations into a large class of varieties.An effort has been made to keep this article reasonably self-contained.1 Thus,⁄⁄2-5 are, at least in part, of a preliminary nature. ⁄2 constructs signatures andtheir morphisms, and demonstrates some properties that appear to be essential inthe sequel. After this, it is not much work to de�ne equational theories. ⁄4 is anepitome of module algebra, adapted and reduced to equational format. ⁄5 de-scribes the category Alg and de�nes the functors F T and natural transformationshT . The latter are generalized in ⁄6, where a combination operation + is de�ned.In ⁄7 we return to the category Alg to study the role of signature. The model ofmodule algebra that is the pi�ce de resistance of the undertaking appears in ⁄8.⁄⁄9-11 contain some �nal considerations. A summary of elementary categorytheory that did not �t into the line of the argument appears as an appendix.1That is, I have some con�dence that enough is said about what the reader is expected to knowin advance for readers who know to remember that they do.2. Signatures and renamingsLet N be a countably in�nite set: the set of names. The set F(N) of functiondeclarations over N is the set of �nite sequences of length at least 2 of elements

4/26/94⁄2. SIGNATURES AND RENAMINGS3of N. I assume as a matter of course that N ˙ F(N) = ˘; similar assumptions inthe sequel may remain implicit.The set D(N) of declarations over N is N ¨ F(N); if we identify sequences oflength 1 with their single element, then D(N) is the set of nonempty sequencesof elements of N. A signature over N is a �nite set s of declarations over N withthe propertyÆn0,�,nkæ ˛ s � "i(0 < i £ k � ni ˛ s).The set of signatures over N will be denoted by S(N).If s is a signature, then Ss := s ˙ N and Fs := s ˙ F(N).Let X be a set or sequence; then | X | is the number of its elements.2.1 De�nition. Let s and t be signatures. A morphism from s to t is a mapf : s a t such that (for k , l ‡ 0 ) (1)f(n0, � , nk ) = Æm0, � , mlæ � l = k & "i(0 < i £ k � mi = f(ni )).A bijective operation f on D(N) that satis�es (1) will be called a D-bijection;an involutive D-bijection is a renaming. Instead of f(x) I usually write f Æx , orfx ; and for a set X, f ÆX = {f Æx| x ˛X}. Clearly f Æs ˛ S(N) if s ˛ S(N). If f isa D-bijection, then so is f—1.I assume given an enumerationn0 , n1, n2, �, nk , �(k ˛IN)of N. I write m < n if there exist k < k’ such that m = nk and n = nk’ . I assume anextension of the ordering of N to a well-ordering of D(N) of the same type withthe property that d < e if d is a subsequence of e.If R ˝ X · Y , and S ˝ X , then R(S) = {y ˛Y| $s˛S.sRy}. I write R{x} in-stead of R({x}). For any binary relation R, D(R) = {x| $y.Æx , y æ ˛R}, and C(R)= {x| $y.Æ y , x æ ˛R}. A relation is single-valued (or a partial function) if"xyz(xRy & xRz � y = z). From functions f1 : X a Y1,�, fn : X a Yn , afunction from X to Y1· � · Yn is de�ned by: ( f1,�, fn )(x) = Æ f1(x),�, fn(x)æ.2.2 Lemma. Let s and t be signatures, and f : s a t an injective morphism.Then f can be extended to a D-bijection.Proof. Let D(N) = {di | i ˛IN}, with dj < di if j < i . We de�ne a sequencef0 ˝ f1 ˝ � ˝ fi ˝ �(i ˛ IN)of �nite single-valued relations on D(N), with di ˛ D(fi+1) ˙ C(fi+1), as fol-lows. We take f0 = f . Now suppose fj has been constructed, and i = j+1 . We�rst construct an auxiliary relation f¢j. If dj ˛D(fj), then f¢ j = fj . Otherwise, if

INITIAL ALGEBRA SEMANTICS4/26/944dj = n ˛N, and n¢ is the �rst element of N that does not belong to C(fj), then f¢j= fj ¨ {Æn , n¢ æ}. Now suppose dj = Æn0 , n1,�, nk æ , with k > 0 . Then nl ˛ D(fj),1 £ l £ k , by the choice of the ordering on D(N). Let n be the �rst element of Nfor whichÆn , fj(n1),�, fj(nk )æ =: d ˇ C(fj):then f¢j = fj ¨ {Ædj,dæ}. Now if dj ˛ C(f¢j), we set fi = f¢ j . Otherwise we reasonas above, with C and D interchanged; for the n† or d¢ found on this way wede�ne fi˚= f¢ j ¨ {Æn†, næ} or fi˚= f¢ j ¨ {Æd¢, dæ} respectively.Letf— = Ui ˛INfi ;then evidently f— is a D-bijection.ƒ2.3 Lemma. Let s be a signature, and r : s a s an involutive morphism. Thenr can be extended to a renaming.Proof. A variation on the proof of the previous lemma. Again let D(N) ={di | i ˛IN}. We de�ne a sequencer0 ˝ r1 ˝ � ˝ ri ˝ �(i ˛ IN)of �nite partial operations on D(N), with di ˛ D(ri+1) and D(ri) = C(ri), as fol-lows. We take r0 = r . If i = j + 1 , and dj ˛ D(rj) , then ri = rj . If d j ˇ D(rj), anddj = n ˛N, then ri = rj ¨ {Æn,næ}. Otherwise di = Æn0 , n1,�, nk æ, with k > 0 .Then ni ˛ D(rj), 1 £ i £ k , since by our choice of ordering ni < dj . Let n be theleast element of N for which Æn, rj (n1),�, rj (nk )æ =: d ˇ D(rj ): thenri = rj ¨ {Ædj , dæ, Æd, dj æ}.Lets = Ui ˛INri ;then evidently s is a renaming.ƒObserve that s ¨ t ˛ S(N) when s , t ˛S(N). The inverse R˚-1 of a relation Ris de�ned as {Æ x , y æ| Æ y , xæ ˛R}.2.4 Lemma. Let s and t be signatures, and r : s a t a bijective morphism thatsatis�es(2)"d ˛ s ˙ t . r(d) = d .Then r is contained in a renaming.

4/26/94⁄2. SIGNATURES AND RENAMINGS5Proof. Put s = r ¨ r — 1. By condition (2) s is an automorphism of s ¨ t ; it also isan involution. Apply lemma 3.ƒ2.5 Lemma. Let s, t, u and f be signatures. Then there exist renamings r ands such that r|s = 1s , s|t = 1t , and rÆu ˙ sÆf ˝ s ˙ t .Proof. We may assume that s ˝ u and t ˝ f (replace u by s ¨ u , f by t ¨ f ).We construct r in two steps: �rst we de�ne a morphism r0 of u , then we applylemma 4 to obtain a renaming.For d ˛ s we de�ne: r0(d) = d . Let l be the greatest i such that ni occurs inu ¨ t . For ni ˛ Su — s we de�ne: r0(ni) = nl +1+i . For d = Ænj , m1,�,mkæ ˛ Fu s we let r0(d) = Ænl +1+j , r0(m1),�, r0(mk )æ.It is easy to see that r0(u) is a signature and r0 an injective morphism (by thechoice of l ), and that "d ˛ u ˙ r0(u): r0(d) = d . By lemma 4, r0 is contained in arenaming r.The construction of s is symmetric, except that the part of t is not taken overby s, but by rÆu.ƒLet s be a signature and r a renaming. We de�ne s / r as{d ˛s| rÆd = d};s / r is a signature.3. Equational theoriesLet s be a signature. A variable of signature s (or: for s) is a pair x = Æx,Sæof a symbol x that does not occur in s and a sort symbol of s . Terms are con-sidered to be built from such variables and function declarations. Precisely: let Xbe a set of variables of signature s. Then (i) if x = Æx,Sæ ˛ X, then x is a s-termin X of sort S; (ii) if f = Æf,S1,�,Snæ ˛ s (n ‡ 1), and ti , for 1 £ i < n , is a s-term in X of sort Si , then ft1�tn —1 is a s-term in X of sort Sn ; and somethingcan only be a s-term on the strength of a �nite sequence of applications of (i)and (ii). I also speak of terms over s in variables from X, etc. For readability,terms as in (ii) may be written f(t1,�,tn —1). The sort of t will sometimes bedenoted by St .A s-equation in X is a pair Æs,tæ of s-terms in X of the same sort. Of course Ialways write s=t.

INITIAL ALGEBRA SEMANTICS4/26/946An equational theory is a pair A = Æs , Aæ of a signature s and a set A of equa-tions over s in some set X of variables of signature s ; the signature SA of A iss.1It is sometimes useful to identify a set A of equations over a known signatures¢ with the equational theory Æs, Aæ where s is the least subsignature of s¢ forwhich A may be considered as a set of s-equations. Then SA = s .A closed term or equation is one in which no variables occur.The action of signature morphisms is extended to terms, equations and theo-ries in the natural way:for a variable x = Æx , Sæ: f Æ x = Æx, f ÆSæ,f Æ ft1�tn —1 = (f Æf)(f Æt1)�(f Ætn—1),f Æ(s=t) = (fÆs)=(fÆt), andf ÆÆs, Aæ = ÆfÆs, fÆAæ.The equational theories form a semilattice with the supremum operation + de-�ned by Æs , Aæ + Æt , Bæ = Æs ¨ t , A ¨ Bæ.1So prima facie a theory is a triple A = Æs, X, Aæ; but we abstract from the second component� ultimately because in equational logic we need variables only for the purpose of writingdown nonlogical axioms.4. Module algebraThe module algebra BMA0[eql] presented here differs in some respects fromthe module algebra BMA[ fol] of Bergstra c.s. On the one hand, a number ofthings, having to do with signatures in particular, will not be speci�ed complete-ly; on the other hand the parameter eql is less general than fol.We will be concerned with three sorts: the sort SIG of signatures (with varia-bles x, y en z), the sort REN of renamings (variable r) and the sort M of mod-ules (with variables X, Y en Z). We have the following operations:constants of sort SIG, in particular ˘ (the void signature)SIG ¨ SIG a SIG(union)REN Æ SIG a SIG(application of renaming)SIG / REN a SIG(unaffected part of signature)SIG ˙ SIG a SIG(intersection)constants of sort M (a constant �A � for each equational theory A )S : M a SIG(signature)T : SIG a M(injection)REN Æ M a M(application of renaming)M + M a M(combination)SIG ¿ M a M(export/reduction)

4/26/94⁄4. MODULE ALGEBRA7The axioms of BMA0[eql] are listed below. We stipulate that unary operatorsbind more strongly than binary, and that ¿ binds more strongly than +. Item(s1) represents a �nite sequence of equations. The starred items are axiomschemes. I write �s , A � instead of �Æs , A æ�.(s1)ÆSIG , ¨ , ˙ , ˘æ is a distributive lattice with least element ˘(s2)(x / r) / r = x / r(s3)(x / r) ¨ x = x(s4)(x ¨ y)/ r = (x / r) ¨ ( y / r)(s5)(x ˙ y)/ r = (x / r) ˙ ( y / r)(S1*)S�A � = SA(S2)STx = x(S3)S(X+Y) = SX ¨ SY(S4)S(x ¿ Y) = x ˙ SY(S5)S(rÆY) = rÆSY(R1)rÆ�s , A� = �rÆs , rÆA�(R2)rÆTx = T(rÆx)(R3)rÆ(X+Y) = rÆX + rÆY(R4)rÆ(x ¿ Y) = rÆx ¿ rÆY(R5)rÆ(rÆX) = X(R6)rÆ((s / r) ¿ X) = (s / r) ¿ X(C1)X+Y = Y+X(C2)(X + Y) + Z = X + (Y + Z)(C3)T(x ¨ y) = Tx + Ty(C4)X + TSX = X(C6*)�A � + �B� = �A + B�(E1)S X ¿ X = X(E2)x ¿ ( y ¿ Z ) = (x ˙ y) ¿ Z(E4)S X ¿ (X + Y) = X + S X ¿ YInstead of using equational theories, with the schemes (S1) and (C6), wemight have taken equations for constants, with a scheme S(� a �) = S{a}.For terms s and t of sort SIG I abbreviate s = s ˙ t to s ˝ t . A model ofBMA0[eql] will be called a module algebra . The word �model� in this contextmust not be taken too strictly: the sorts may be proper classes, and analogouslyfor the operations.

INITIAL ALGEBRA SEMANTICS4/26/948The axioms (C5) and (E3) of [BHK] are missing; they are not true in the in-terpretation to be given here (I will return to this point in ⁄9). Our axioms (S1*),(R6) and (E4) differ from the axioms of the same names in [BHK]; furthermorewe have an extra schema (C6*). The deviation in (R6) is a matter of notation.The deviation in (E4) on the other hand is a matter of substance. In the sequelthe version of Bergstra c.s. will be called (E4i) (i for implicative); I shall provethat against the background of the rest of BMA0[eql], (E4) and (E4i) are equi-valent. One direction is simple: (E4) is a special case of (E4i) [BHK, 3.1(7)].The common export operator [BHK, ⁄3.3] is de�ned by(CE)X ¿ Y = (S(X) ˙ S(Y)) ¿ (X + Y) ,and the matching export distribution axiom is(E4*)X ¿ Y = S(Y) ¿ X + S(X) ¿ Y .4.1 Theorem (Van Glabbeek). (E4*) holds in every module algebra.Proof. X ¿ Y = (S(X) ˙ S(Y)) ¿ (X + Y)by de�nition (CE)= (S(X) ˙ S(Y)) ¿ (S(X) ¿ (X + Y))(s1) and (E2)= (S(X) ˙ S(Y)) ¿ (X + S(X) ¿ Y) (E4)= (S(X) ˙ S(Y)) ¿ (X + (S(X) ˙ S(Y)) ¿ Y)(E1) and (E2)= (S(X) ˙ S(Y)) ¿ X + (S(X) ˙ S(Y)) ¿ Y (E4) and (C1)= SY ¿ X + S X ¿ Y , by (s1), (E2) and (E1).ƒIn [BHK, ⁄3.3] one �nds a derivation of (E4i) from the other axioms and(E4*). This derivation uses a form of the axiom (E3):(E3—)x ¿ (Tx + Y) = Tx + x ¿ Y .We do not have (E3) at our disposal, but it is easily seen that (E3—) is a specialcase of our (E4). We conclude that (E4i) holds in all module algebras:4.2 Theorem. In every module algebrax ˝ S X ˙ SY � x ¿ (X + Y) = x ¿ X + x ¿ Y .It is easily checked that the present system of module algebra is strongenough for the proof of the normal form theorem of [BHK, ⁄3.2] to go through.That is to say, adding some applications of the scheme (C6*) we get4.3 Proposition. Every closed module expression is equivalent to an expres-sion of the form s ¿ � A � , for a signature s and an equational theory A .Indeed, inspection of the proof immediately gives a more effective version:

4/26/94⁄4. MODULE ALGEBRA94.4 Corollary. Every closed module expression that has been constructedwithout the use of constants representing in�nite theories is equivalent to an ex-pression of the form s ¿ � A � , for a signature s and a �nite equational theory A .With respect to the signatures and renamings proposed in ⁄2, (s1)-(s5) are e-vidently true. In the sequel we shall develop a notion of modules, such that weobtain a model for the entire theory.5. AlgebrasLet s be a signature. A s-algebra is an assignment A of a nonvoid set (sort)A(S) to each S ˛Ss and a functionA(f ) : A(S1) · � · A(Sn ) a A(S0)to each f = Æf , S1, � , Sn , S0æ in Fs. If there is no need to mention A, I write finstead of A(f ).By the stipulation that sorts are nonvoid, our many-sorted algebra becomes adirect generalization of the standard single-sorted universal algebra that one �ndsin Gr�tzer�s book [Gr]. Meseguer and Goguen describe an alternative approachin [GM] and [MG].An algebra is a s-algebra for some signature s. Let A be an algebra; thenSA, the signature of A, is the (unique) signature s such that A is a s-algebra.Algebras A and B are similar if SA = SB. For u ˝ SA , the u-reduct A|u of Ais the u-algebra B de�ned by B(d) = A(d) for all d ˛u ; A is called an expansionof B. For any signature t the t-reduct of A is de�ned byt ¿ A = A | (SA ˙ t).An arbitrary algebra C is t-generated if every f ˛Ft whose domain sorts belongto SC, itself belongs to SC.Let I be a set. An I-sorted set is a family X = ÆXi | i ˛I æ of sets. If s is a signa-ture, then �s-sorted set is short for �Ss-sorted set�. Many notions and construc-tions relating to sets have immediate componentwise generalisations to sortedsets. For instance, if A and B are both I-sorted, thenA ¨ B = ÆAi ¨ Bi | i ˛I æ,and A ˝ B if and only if Ai ˝ Bi for all i ˛I . An I-sorted function f from A to Bis a family Æ f i | i ˛I æ of functions f i : Ai a Bi . The I-sorted set X that has Xi = ˘for all i ˛I will be denoted by ˘, when I is suf�ciently understood. An equiva-lence relation on an I-sorted set X is a family Q = ÆQi | i ˛I æ of equivalence rela-tions Qi on Xi . Usually the index will be suppressed: given x , y ˛Xi we write

INITIAL ALGEBRA SEMANTICS10Æx, yæ ˛Q , xQy or x ” y (mod Q) instead of Æx, yæ ˛Qi and such.1 The equivalen-ce class of x ˛Xi is Qi{x}, usually written Q{x}.Let A and B be algebras. Then A is a subalgebra of B, notation A £ B , ifSA = SB, A(S) ˝ B(S) for each S ˛SSA, and for all f = Æf , S1 , � , Sn æ ˛SA,A(f ) = B(f)|(A(S1) ·�· A(Sn—1)). I call A a subreduct of B, notation A ˝ B ,if A is a subalgebra of a reduct of B; the algebra B is then a superexpansion ofA. Finally, A is a generated subreduct of B if A ˝ B and A is SB-generated.The SA-sorted set A|SSA (the universe or carrier of A) will be denoted by thecorresponding italic letter A . A subuniverse of A is a SA-sorted subset of A thatis closed under the operations of A. An intersection of subuniverses of A isagain a subuniverse of A. Let X be a subset of A ; the least subuniverse of A thatcontains X , the subuniverse generated by X will be denoted by � X �A. The sub-universe � X �A is the carrier of a generated subreduct A[X ] of A, the operationsof which are the restrictions to � X �A of the operations of A. (Observe thatS(A[X ]) may be properly contained in SA.)A sort S in a signature s is inhabited if there exist closed terms over s of sortS. A signature is ( fully) inhabited if all its sorts are inhabited.The algebra of closed terms over a signature s is the algebra T s that has forsorts the inhabited sorts of s, and for elements the closed terms over s, withfunctionsÆt1,�,tnæ A ft1�tn.Observe that S(T s) = s only if s is fully inhabited; a function declaration f be-longs to S(T s) if and only if all its domain sorts are inhabited.A s-homomorphism from a s-algebra A to a s-algebra B is een s-sortedfunction f : A a B that commutes with the s-operations, i.e. such thatf (A(g)(a1 , � , an )) = B(g)(f (a1), � , f (an ))for all a1, � , an ˛A that come into consideration. The category of s-algebraswith s-homomorphisms will be denoted by Algs . For arbitrary algebras A andB a homomorphism from A to B is a SA-homomorphism from A to B|SA (itfollows that such a homomorphism can exist only if SB ˚ SA). The category ofall algebras and homomorphisms will be denoted by Alg. If A is an algebra andf : B a A a homomorphism, then the subreduct of A generated by f is the sub-reduct f (B) := A[f (B)]. More general: if for every i ˛I, fi : Bi a A is a homo-morphism, then A[Ui fi(B)] is the subreduct of A generated by {fi}i˛I .1In principle, this notation is ambiguous, because we have not ruled out that x , y ˛ Xi ˙ Xj ,with i „ j , Æx, yæ ˛Qi and Æx, yæ ˇQi . When we write that x and y are equivalent modulo Q, wemust assume we have a de�nite sort in mind that x and y belong to.

⁄5. ALGEBRAS11Let A be a s-algebra. The interpretation AX(t) of a s-term t in variables fromX is a function from �(A(Sx)| x ˛X) to A(St), inductively de�ned by: (i) ift ˛X , then AX(t) is the projection p t : �(A(Sx)| x ˛X) a A (St); (ii) if t =ft1�tn, then AX(t) = A(f )ł(AX(t1),�, AX(tn )). The subscript X will be sup-pressed whenever possible. If there is no need to mention A, I write t instead ofA(t). Introduction of t as t(x1,�,xn) is meant to imply that x1,�, xn are alldistinct and t is a term in variables from {x1,�,xn}; so given a suitable se-quence a1, � , an of elements of A we may write t(a1,�,an ) for the valueAX(t)(a) of t in A under any assignment a to the variables that maps xi to ai,1 £ i £ n . It is easy to see that if s and t are terms in X ˙ Y , AX(s) = AX(t) if andonly if AY(s) = AY(t). In other words, in these contexts the notation A(s) issuf�cient. The equation s=t is valid in A, notation A ¥ s=t, if A(s) = A(t). IfA is a s-algebra and s and t are terms over a signature t � s , then A ¥ s=t ifB(s) = B(t) for every expansion B of A to a t-algebra. The notations A ¥ B (fora set B of equations), K ¥ b (for a class K of algebras) and K ¥ B are de�ned inthe usual way.An algebra A is a model of a theory B = Æs , Bæ if s = SA and A ¥ B . Theclass of all models of B (the model class of B or the variety determined by B) Idenote by Mod(B). In particular the elements of a variety are similar. The com-mon signature of the elements of a nonvoid class K of similar algebras will bedenoted as S(K). A s-variety is a variety of algebras of signature s . If K is aclass of similar algebras, and X a set of variables for S(K), then the (equational)theory of K in X is the equational theory Eq X(K) determined by the set of equa-tions over S(K) in variables from X that are valid in K. If X and Y are bothsortwise in�nite, then Eq X (K ) and E q Y(K) are equivalent (all axioms ofEq Y(K) are substitution instances of axioms of Eq X(K) and vice versa). Forthis reason the variables will usually not be mentioned: Eq (K) represents an ar-bitrary Eq X(K) with sortwise in�nite X. The turnstile symbol ¥ will also beused for the (semantic) relation of logical consequence: A ¥ b if b is valid inevery algebra in which all the elements of A are valid. (Similarly A ¥ B, etc.) It iswell known that a �nitary deduction system exists for equational logic; so ifA ¥ b, there is a �nite A0 ˝ A such that A0 ¥ b .Let K be a class of similar algebras. An algebra A is K-generated, or gener-ated over K, if SK ¿ A is a generated subreduct of an element of K . For an e-quational theory B, �Mod(B)-generated� will be abbreviated to �B -generated�;and clearly, K(s)-generated is the same as s-generated. The class of all K-gen-erated algebras will be denoted by G(K).

INITIAL ALGEBRA SEMANTICS125.1 Lemma. Let K be a variety. Then G(K), considered as a full subcategoryof Alg, has an initial object.Proof. Let s = S K ; and let t be the largest inhabited subsignature of s. ThenS(T s) = t . The s-sorted relation Q over T s de�ned byÆs, tæ ˛Q � K ¥ s = t is a congruence of T s . Let A = T s /Q . Obviously there exists exactly one homo-morphism from A to any element of G(K). Moreover, by a similar constructionon an expansion s¢ of s by constants of uninhabited sorts, we get, after reduc-tion to s, an element B of K, such that A £ B|t ; so A ˛ G(K), and A is initial inG (K ).ƒThe initial K-generated algebra will be denoted by IK ; for an equational theo-ry C I write IC instead of IMod(C ) . We have IK ˛K if and only if SK is inhab-ited.The expansion of an algebra A by declarations of proper names for the ele-ments of a subset X of its universe will be denoted by AX . These declarationsare of the form x = Æx , Sæ, with x ˛XS. They are not supposed to belong toD(N), and I assume that the proper name x is invariant under D-bijections, sofÆx = Æx , f ÆSæ. Furthermore, proper names of elements of distinct algebrasnever just happen to coincide; they only do so if they name the same thing andthe one algebra has been speci�ed to be a subreduct of the other. I use the nameX as a name of the set of all declarations Æx, Sæ.The diagram DA of an algebra A is the set of all closed equations that are truein AA .Let K be a s-variety and A an arbitrary algebra. Let T = Eq K ¨ DA . The K-generated superexpansion of A is de�ned byF K(A) = (s ¨ SA) ¿ IT .The mapping a A IT (a) determines a homomorphism hK,A : A a F K(A).This homomorphism has the following universal property: if B is K-generated,then every homomorphism f : A a B factors uniquely through hK,A. For sup-pose f : A a B ; then (B, f), the expansion of B by the declarations in A inter-preted through f , is T-generated. Now let y : F K(A) a B be determined by theunique homomorphism IT a (B, f); then f = y ł h , and this factorization isunique because h generates F K(A).

⁄5. ALGEBRAS13AF AKBhyf(5.1)In the special case that A = F K(C) and f = 1A I will denote y by kK,C.The operation F K becomes a functor, and hK a natural transformation1 Alg a F K ,when we de�ne F K(f), for f : A a B , as the unique y : F K(A) a F K(B) suchthat hK,Błf = y łhK,A. If K = Mod(C ), we write F C and hC instead of F Mod(C )and hMod(C ) . Observe that IK = F K(˘). I abbreviate F Æs, ˘æ to T s ,1 and hÆs, ˘æto hs .Obvious variations on standard arguments would now lead to an analogue ofthe well-known theory of free single-sorted algebras, proving, for example, thatif K and L are s-varieties, K = L if and only if F K(X) = F L(X) for some sort-wise in�nite s-sorted set X.5.2 Proposition. Let K be a s-variety, F = F K and h = hK . Then(i) hF has a left inverse;(ii) hF = Fh .Proof. (i) For every algebra C, let kK,C be de�ned as above. The naturality ofkK =: k is seen as follows. Suppose f : A a B . By naturality of h and by de-�nition of k ,kB ł FFf ł hFA = kBłhFBłFf = Ff = Ff ł kAłhFA .By the universal property of hFA this implies kBłFFf = Ff ł kA .(ii) By de�nition FhA is the unique y : FA a FFA such that hFAłhA = y łhA ;so FhA = hFA .ƒ5.3 Definition. Let f be a D-bijection and A an algebra. Then f*(A) = Ał f.5.4 Proposition. S(f*(A)) = f —1ÆSA .Let y be a homomorphism from A to B. De�ne a (f —1ÆSA )-sorted mappingf*(y ) by: (f*(y ))S = yf(S). Then f*(y ) is a homomorphism from f*(A) to1So T s = T s(˘). In principle this invites confusion with the universe T s of the term algebra,but we may hope that the context will make clear what is meant.

INITIAL ALGEBRA SEMANTICS14f*(B); and f* is an automorphism of Alg. On a higher level, the assignmentf A f* de�nes an embedding of the group of D-bijections into the group of auto-morphisms of Alg.1We will take modules, essentially, to be uniform expansions hK over varie-ties K . However, we will go to considerable lengths now in order to embedthese expansions into a notion that seems to be more general; in a way analogousto the consideration of model classes instead of elementary classes in [BHK].1The carrier of the latter group is of course a proper class.6. UniformitiesA functor will be called continuous if it preserves direct limits, that is, co-limits of functors from a directed partial ordering. (Henceforth I shall speak ofordering, �partial� being a rudiment from that golden age when total order wasthe norm.)6.1 De�nition. A uniformity in a category C is a natural transformation hfrom the identity functor 1C to a continuous endofunctor F of C, with the prop-erties(i) hF = Fh , and(ii) Fh has a left inverse.6.2 Lemma. Let C be a category, F an endofunctor of C, h : 1C ¥ a F, andhF = Fh .(a) If hF has a left inverse, this is also a right inverse, so FF @ F .(b) If k is an inverse of hF, then k F = F k .Proof. (a) Suppose k ¥hF = F. ThenhF¥k = Fk ¥hFFby naturality of h (cf. diagram 6.1)= Fk ¥FhF = Fo(k ¥ hF) = FF.FFcFFFcFcFFchFFcFkchFckc(6.1)

⁄6. UNIFORMITIES15(b) By repeated use of the exchange law:Fk = Fk ¥ FFF = Fk ¥ ((hF ¥ k )F) = Fk ¥ hFF ¥ kF = Fk ¥ FhF ¥ kF= (F ł (k ¥ hF)) ¥ kF = FF ¥ kF = kF .ƒ6.3 Examples.6.3.1. In any category C, 1C : 1C a 1C is a uniformity.6.3.2. Let K be a variety, F = F K and h = hK . Then F is an endofunctor ofAlg, and h : 1 a F , by the de�nition of F K in ⁄5.Let I = ÆI , £æ be a directed ordering, and L : I a Alg. Suppose f : L ¥ a A is acolimit cone. Then Ff : FL ¥ a FA is a cocone; let y : FL ¥ a B be another cocone.De�ne g : FA a B by(1)g ¥ hA¥f = y ¥ hL .We must show that (1) is a correct de�nition. The algebra FA is generated byhA, and A by {fi | i ˛I }; as a consequence, every element of FA may be writtenin the form(FA)(t)(hAfi1(x1),�, hAfin(xn )) , for a term t over SFA, certain i1,�,in ˛I , and elements x1 of Li1,�, xn of Lin .We must show that if(2) a = (FA)(s)(hAfi1(x1),�, hAfin(xn )) = (FA)(t)(hAfi1(x1),�, hAfin(xn )) ,g(a) is the same by (1) on either representation of a . Let fij(xj) =: aj , for1 £ j £ n . We conclude from (2) that(3)Eq K ¨ DA ¥ s(a1,�,an )=t(a1,�,an ) .Then for some �nite D0 ˝ DA ,(4)Eq K ¨ D0 ¥ s(a1,�,an )=t(a1,�,an ) .We may assume that the elements of D0 are of the form b=fc1�ck , for para-meters b , c1, �, ck ˛ A . For each of these equations, some i ˛I exists withy , z1,�, zk in Li such that b = fi( y), cl = fi(zl) (1 £ l £ k ), andy = (Li)(f )(z1,�, zk ) .Since I is directed, we may choose the same i for all the equations in D0, evenwith i ‡ i1,�, in ; say wj = F(ij £ i )(xj ) (1 £ j £ n ; by �ij £ i � I refer to the unique ar-row ij a i in I ). We may also assume without loss of generality that the propernames in D0 are contained in {a1,�, an}; say D0 = D0(a1,�, an ), with all oc-currences of proper names accounted for. Then by (4) and the truth ofD0(w1,�,wn ) in (Li){w1,�,wn}:

INITIAL ALGEBRA SEMANTICS16(5)(FLi)(s)(hLi(w1),�, hLi(wn )) = (FLi)(t)(hLi(w1),�, hLi(wn )),so g((FA)(s)(hAfi1(x1),�, hAfin(xn ))) = g((FA)(s)(hAfi(w1),�, hAfi(wn )))= B(s)(ghAfi(w1),�, ghAfi(wn )))= B(s)(yihLi(w1),�,yihLi(wn )))= yi((FLi)(s)(hLi(w1),�, hLi(wn )))= yi((FLi)(t)(hLi(w1),�, hLi(wn )))= g((FA)(t)(hAfi1(x1),�, hAfin(xn ))).So (1) is correct.We have(6)g ¥ Ff ¥ hL = ghA¥ f = y ¥ hLby naturality of h , hence, each FLi being generated by hLi ,(7)g ¥ Ff = y .Conversely (1) follows from (7), so (7) determines g uniquely. So F is continu-ous.Now by proposition 5.2, hK is a uniformity.6.3.3. Let C be a category, and h : 1C a F a uniformity in C. Let F2 = FłF,h 2 = hłh etc. Then h 2 is a uniformity. In particular, if k is the inverse of Fh ,k 2¥F2h 2 = k 2¥(Fh łFh) = (k ¥ Fh) ł (k ¥ Fh) = F2.6.3.4. Let f be a D-bijection. Since f* is an automorphism of Alg, f* is conti-nuous. Let h : 1 a F be a uniformity in Alg. De�ne f ÆX as (f—1)*ł Xł f*, for afunctor or natural transformation X . Then f ÆF, as a composition of continuousfunctors, is continuous. Furthermore (f—1)*ł1 A l g ł f* = 1 A l g , sof Æh : 1 A l g a f ÆF .Now f Æ(XłY) = (f—1)*łX ł Y ł f* = (f—1)*łX ł f*ł (f—1)*ł Y ł f* = (f ÆX ) ł (f ÆY ) , so (f Æh) ł ( f ÆF) = f ÆhF = f ÆFh = (f ÆF)ł ( f Æh). For the other composition wehavebytheexchangelaw:f Æ(X¥Y) = (f—1)*ł (X¥Y) ł f* = ((f—1)*łXłf*) ¥ ((f—1)*łYłf*) = (f ÆX ) ¥ (f ÆY);so if k is the left inverse of Fh ,(fÆk) ¥ ((f ÆF) ł (f Æh)) = f Æ(k ¥Fh) = f Æ1 = 1.We conclude that f Æh is a uniformity in Alg.The formulas of signature change derived above may be summed up as fol-lows:

⁄6. UNIFORMITIES176.4 Proposition. Let f be a D-bijection, and X , Y properly composable func-tors or natural transformations in Alg. Let � be either ł or ¥; thenf Æ(X � Y) = (f ÆX ) � (f ÆY ) . 6.5 De�nition. Let h : 1C a F and q : 1C a G be uniformities in a categoryC. A morphism from h to q is a natural transformation a : F ¥ a G with the prop-erty that q = a ¥h .The category of uniformities in a category C that we obtain in this way I callUn(C).6.6 Examples. Let h : 1C a F be a uniformity in a category C.6.6.1. Observe that h : 1C a h in Un(C). It is evident that h is the only mor-phism from 1C to h. So 1C is initial in Un(C).6.6.2. Let k : F2a F be the inverse of h F. Then k : h2 a h , for k ¥h2 =k ¥Fh ¥h = F¥h = h since h2 = (F¥h) ł (h ¥1C) = Fh ¥h . Conversely h F : F a F2,and k and h F are inverses in Un(C).6.7 De�nition. Let h : 1C a F and q : 1C a G be uniformities in a categoryC. Let P ˝ {0,1}* be the set of those sequences of zeros and ones in which ad-joining digits are distinct, and P the ordering ÆP, £æ in which p < q if and only if|p| < |q| (see diagram 6.2; the symbol ˘ denotes the empty sequence).˘010110010101010110100101010101(6.2)Take an object c in C. For p ˛P we de�ne (F #h,q G)(c)( p) = cp as follows:c˘ = c; cp0 = Fcp , cp1 = Gcp .If q covers p in P (notation q � — p), then we de�ne (F # G)(c)( p £ q) = fp, q as fol-lows (we shall make a habit of dropping the subscript h and q ):if q = p1, then fp, q = q(cp); if q = p0, then fp, q = h(cp);if p = r0 and q = r10, then fp, q = F(fr, r1); if p = r1 and q = r01, then fp, q =G(fr, r0).For f : a a b in C and p ˛ P , (F # G)( f )( p) = fp , where f˘ = f , fp 0 = Ffp ,fp1 = Gfp .We now check in several steps that F # G is a functor from C to CP.

INITIAL ALGEBRA SEMANTICS18(1)Suppose p , q , r , s ˛P; q and r cover p, and s covers q and r. Then fq, s łfp, q = fr, s łfp, r .Proof. There are two kinds of cases, occurring in diagram 6.2 as triangles andparallelograms respectively.(Parallelograms) Let q = p1 and s = r1; thenfq, s łfp, q = Gfp, r łq(cp) = q(cr)łfp, r = fr, s łfp, rby naturality of q.(Triangles) There are a number of symmetric cases; consider the situation in dia-gram 6.3.˘0101100101010101hqhhqqqFqGhFGhGFqGFGh(6.3)First take p = 0, q = 01 (so r = 10 and s = 010). Thenfr, słfp, r = FGhcłFqc = F(Ghcłqc) = F(qc0łhc)since q : 1 C a G ,= Fqc0łhc0since h F = Fh ,= hc01łqc0since h : 1 C a F ,= fq, słfp, q .Now suppose fq, słfp, q = fr, słfp, r , with q = p1, s = q0. Then G(fq, słfp, q) =G(fr, słfp, r). ButG(fr, słfp, r) = fr1, s1 ł fp1, r1 = fr1, s1 ł fq, r1and G(fq, s ł fp, q) = G(hcqłqcp) = Ghcqłqcq = qcsłhcq = fs, s1 ł fq, s as cq = Gcp ,Gq = q G and q : 1 C a G .ƒWe conclude by (1) that we may de�ne (F # G )(c)( p < q) = fp, q generally as acompositionfp0, p1ł � łfpn — 1, pnwith p0 = p , pn = q en pk — � pk+1 for 0 £ k < n (n > 0); fp, p = 1cp. Then(2)(F # G )(c) is a functor from P to C.Take f : a a b in C. Thenfp0 ł (F # G )(a)( p £ p0) = Ffpłhap = hbpłfp = (F # G )(b)( p £ p0) ł fp

⁄6. UNIFORMITIES19by naturality of h and q ; and analogously for sequences ending in 1. Further-more, if p = r1 and q = s1, with r — � s andfs ł (F # G )(a)(r £ s) = (F # G )(b)(r £ s) ł fr ,(which we have just seen to hold at least for r = ˘ en s = 0), thenfq ł (F # G )(a)( p £ q) = (F # G )(b)( p £ q) ł fp .To see this, set (F # G )(a)(x £ y) =: fxy en (F # G )(b)(x £ y) =: yxy . Thenfqłfpq = GfsłGfrs = G( fsłfrs) = G(yrsłfr) = ypq ł fp .(Analogously for sequences ending in 0.) Hence(3) (F # G )( f ) is a natural transformation from (F # G )(a) to (F # G )(b).Now it is not hard to see that (F # G )( fłg) = (F # G )( f ) ¥ (F # G )(g), and(F # G )(1c) = F # G . Hence6.8 Proposition. Let h : 1 C a F and q : 1C a G be uniformities in C. ThenF # G is a functor from C to CP.Let C, h, F, q and G be as above, I a directed ordering, L : I a C a functor,and f : L ¥ a c a colimit cone. Consider (F # G ) ł L : I a CP. For every p ˛P, letEp be the evaluation functor from CP to C, de�ned by Ep(H) = H( p) andEp(a) = ap . We want to prove:(4)Ep ł (F # G ) ł L has colimit (F # G )(c)( p).For this purpose we de�ne for every p a colimit conef p: Ep ł (F # G ) ł L ¥a (F # G )(c)( p).For a start, E˘ ł (F # G ) ł L = L and (F # G )(c)(˘) = c ; so we may take f˘ = f .Now take p = q0 , and suppose fq : Eqł (F # G ) ł L ¥ a (F # G )(c)(q) is a colimitcone. Since for all i ˛I ,Ep((F # G )(Li)) = (F # G )(Li)( p) = F((F # G )(Li)(q)) ,we have Epł (F # G ) ł L = F ł Eq ł (F # G ) ł L. But F is continuous, soFf q : Ep((F # G )(Li)) ¥ a (F # G )(c)( p)is a colimit cone; we set f p = Ff q. In this way we de�ne f p inductively, for allp ˛P ; and we see(5)for all i ˛I,

ϕ ip = (F # G )(fi)( p) .The existence of the parametrized colimit cone f p implies by A.5 (in the ap-pendix) the existence of a unique functor K : P a C with the property that

INITIAL ALGEBRA SEMANTICS20F : i A lp.

ϕ ipis a natural transformation from (F # G ) ł L to K, and moreover that F is a colimitcone. But (F # G )(c)( p) is the codomain of F (i)( p), so on objects (F # G )(c)works exactly as K; and since P is an ordering, the arrows cannot make a differ-ence. We conclude:(6)F is a colimit cone from (F # G ) ł L to (F # G )(c).We observe that it is apparent from (5) that F = (F # G ) ł f . We have proved:6.9 Proposition. If h : 1C a F and q : 1C a G are uniformities in a categoryC, then F #h,q G is a continuous functor.6.10 De�nition. Let hi : 1C a F i and qi : 1C a Gi (i = 0,1) be uniformities ina category C, and a : h0 a h1 and b : q0 a q1. For objects c of C we de�ne(a # b )c = Æ(a # b )cp| p ˛Pæ as follows:(a # b )c˘ = 1c ;(a # b )c, q 0 = F1((a # b )cq) ł a((F0 # G0)(c)(q)) ;(a # b )c, q1 = G1((a # b )cq) ł b((F0 # G0)(c)(q)) .We now show that (a # b )cp is natural in p and c .Naturality in p : We consider two representative cases.� (a # b )c, q 0 ł h0((F0 # G0)(c)(q)) =F1((a # b )cq) ł a((F0 # G0)(c)(q)) ł h0((F0 # G0)(c)(q))= F1((a # b )cq) ł h1((F0 # G0)(c)(q))= h1((F1 # G1)(c)(q)) ł (a # b )cq ,since ah0 = h1 and h1 is natural.� Take i ˛ {0,1}. Suppose(a # b )c, ip ł (F0 # G0)(c)( p £ ip) = (F1 # G1)(c)( p £ ip) ł (a # b )cp .Then since a is natural,(a # b )c, ip0 ł (F0 # G0)(c)( p0 £ ip0) =F1((a # b )c, ip) ł a((F0 # G0)(c)(ip)) ł F0((F0 # G0)(c)( p £ ip))= a((F1 # G1)(c)(ip)) ł F0((a # b )c, ip) ł F0((F0 # G0)(c)( p £ ip))= a((F1 # G1)(c)(ip)) ł F0((a # b )c, ip ł (F0 # G0)(c)( p £ ip))= F1((a # b )c, ip ł (F0 # G0)(c)( p £ ip)) ł a((F0 # G0)(c)( p))= F1((F1 # G1)(c)( p £ ip) ł (a # b )cp) ł a((F0 # G0)(c)( p))

⁄6. UNIFORMITIES21= F1((F1 # G1)(c)( p £ ip)) ł F1((a # b )cp) ł a((F0 # G0)(c)( p))= (F1 # G1)(c)( p0 £ ip0) ł (a # b )c, p0 .By composing such cases, we see that (a # b )c is natural.Naturality in c: suppose g : a a b in C. We must show that for every p ˛P,(*)(a # b )bp ł (F0 # G0)( g)( p) = (F1 # G1)( g)( p) ł (a # b )ap .For p = ˘ , this is trivial. For the rest we consider one representative case. As-sume that (*) holds for a certain p ˛P ; say that p0 ˛P as well. Then(a # b )b, p0 ł (F0 # G0)( g)( p0) =F1((a # b )bp) ł a((F0 # G0)(b)( p)) ł F0((F0 # G0)( g)( p))= F1((a # b )bp) ł F1((F0 # G0)( g)( p)) ł a((F0 # G0)(a)( p))= F1((a # b )bp ł (F0 # G0)( g)( p)) ł a((F0 # G0)(a)( p))= F1((F1 # G1)( g)( p) ł (a # b )ap) ł a((F0 # G0)(a)( p))= F1((F1 # G1)( g)( p)) ł F1((a # b )ap) ł a((F0 # G0)(a)( p))= (F1 # G1)( g)( p0) ł (a # b )a, p0 .Let a and b be as above, and g : h1 a h2 , d : q1 a q2 in Un(C). We aregoing to show that (g # d ) ¥ (a # b ) = (g ¥a) # (d ¥b ), i.e.(*)(g # d )cp ł (a # b )cp = ((g ¥a) # (d ¥b ))cpfor each c in C and p ˛P. For p = ˘ this is trivial. Now suppose (*) holds for acertain p ˛P ; and say that p0 ˛P. Then by naturality of g ,(g # d )c, p0 ł (a # b ))c, p0 =F2((g # d )cp) ł g ((F1 # G1)(c)( p)) ł F1((a # b )cp) ł a((F0 # G0)(c)( p))= F2((g # d )cp) ł F2((a # b )cp) ł g ((F0 # G0)(c)( p)) ł a((F0 # G0)(c)( p))= F2(((g ¥a) # (d ¥b ))cp) ł (g ¥a)((F0 # G0)(c)( p))= ((g ¥a) # (d ¥b ))c, p0 .We conclude:6.11 Theorem. # is a functor from Un(C) · Un(C) to (CP)C.Assume that the functors (F # G )(c) : P a C have colimits. We denote the co-limit of (F # G )(c) by (F + G )(c) (in which, strictly speaking, + should be in-dexed in the same way as #); and for f : a a b in C, the uniqueg : (F + G )(a) a (F + G )(b)

INITIAL ALGEBRA SEMANTICS22such that for colimit conesf : (F # G )(a) ¥ a (F + G )(a) and y : (F # G )(b) ¥ a (F + G )(b) , g¥f = y ¥(F # G )( f ), by (F + G )( f ). Then evidently F+ G is a functor from C · Cto C. Furthermore, if a : h0 a h1 and b : q0 a q1, c is an object in C, and wehave colimit conesf : (F0 # G0)(c) ¥ a (F0 + G0)(c) and y : (F1 # G1)(c) ¥ a (F1 + G1)(c),we de�ne (a + b )c to be the unique h : (F0 + G0)(c) a (F1 + G1)(c) such thath¥f = y ¥(a # b )c .We conclude:6.12 Lemma. The assignmentÆa,bæ A a+bis a functor from Un(C) · Un(C) to CC.Let h : 1C a F and q : 1C a G be uniformities in C. Suppose c is an object inC, and f is the colimit cone from (F # G )(c) to (F + G )(c). As was noted above(6.3.1), 1C is a uniformity and (6.6.1) h : 1C a h and q : 1C a q . It is easy tosee that (1C # 1C)(c)( f ) = 1c for each c ˛C and f ˛P, and hence 1C + 1C = 1C .As a consequence we have(1)h + q : 1C a F+ G ,and (h + q )c is (f ¥(h # q )c)˘ = f ˘ . Now let y be the colimit cone(F # G )((F+ G )(c)) ¥ a (F + G )2(c) .Then (h # q )((F + G )(c))(˘) ł f ˘ = f ˘ = (h + q )c = (F # G )((h + q )c)(˘). Ifp = q0, thenfq = fpłh(F # G )(c)(q) ,so Ffq = Ffp ł Fh(F # G )(c)(q) = Ffp ł hF((F # G )(c)(q)) = h(F + G )(c) ł fp since h is a u-niformity from 1C to F. So if we assume that(h # q )((F + G )(c))(q) ł fq = (F # G )((h + q )c)(q) ,we get(h # q )((F + G )(c))( p) ł fp = F((h # q )((F + G )(c))(q)) ł h((F + G )(c)) ł fp= F((h # q )((F + G )(c))(q)) ł Ffq= F((h # q )((F + G )(c))(q) ł fq)

⁄6. UNIFORMITIES23= F((F # G )((h + q )c)(q))= (F # G )((h + q )c)( p).So (h # q )((F + G )(c)) ¥ f = (F # G )((h + q )c), and thereforey ¥ (F # G )((h + q )c) = y ¥ (h # q )((F + G )(c)) ¥ f .From the trivial nature of 1C# 1C we see that (h + q )((F + G )(c)) is de�ned asy ¥ (h # q )(F + G )(c) ;so y ¥ (F # G )((h + q )c) = (h + q )((F + G )(c)) ¥ f . By the de�nition of F + G wehave (F + G )((h + q )c) = (h + q )((F + G )(c)), and hence(2)(F + G )o(h + q ) = (h + q )o(F + G ) .Let I be a directed ordering, L : I a C a functor, and f : L ¥ a c a colimit cone.Let y : (F + G ) L ¥ a d be any cocone. By 6.9, (F # G )(c) is a colimit of ( F # G ) L ,with colimit cone F = (F # G ) ł f . For i ˛I , letCi : (F # G )(Li) ¥ a (F + G )(Li)be the colimit cone, thenC := l p ˛P.(l i ˛I. Xip) : (F # G )L ¥ a (F + G )Lis a colimit cone in CI by proposition A.5. Now we have y ¥C : (F # G )L ¥ a d ,hence there exists a unique c : (F # G )(c) ¥ a d with the property that y ¥C = c ¥ F .Let w be the colimit cone from (F # G )(c) to (F + G )(c) . There is a uniquef : (F + G )(c) ¥ a d with the property that f ¥w = c . By the de�nition of F + G wehave, for all i ˛I and p ˛ P ,(w ¥ F )(i )( p) = (w ¥ (F # G )(fi))( p) = wp o (F # G )(fi)( p) = (F + G )(fi) o Xip= ((F + G )(fi) ¥ Xi )( p) = (((F + G ) o f) ¥ X)(i )( p) .(F # G) L(F # G)(c)FC(F + G) L(F + G)(c)w(F + G)ffdc(6.4)So diagram 6.4 commutes, hence f ¥ (F + G )f ¥ C = c ¥ F = y ¥ C ; unique factori-zation over the colimit cone C then implies that f ¥ (F+G)f = y . The last identitydetermines f uniquely: if g ¥ (F + G )f ¥ C = c ¥ F , then g ¥ w ¥ F = c ¥ F , sog ¥ w = c , so g = f . We have proved:

INITIAL ALGEBRA SEMANTICS24(3)F + G is continuous.If a : h0 a h1 and b : q0 a q1, that is, a ¥h0 = h1 en b ¥q0 = q1, then by lem-ma 6.12, (a + b ) ¥ (h0 + q0) = h1+q1, i.e. a + b : h0+q0 a h1+q1 in Un(C). Soby lemma 6.12 and (1), (2) and (3):6.13 Theorem. Let C be a category. The operation + is a functorUn(C) · Un(C) a Un(C) .If we change the order of the arguments of F # G , writing (F # G )( p)(c) in-stead of (F # G )(c)( p), we turn F # G into a functor from P to CC, and F + G be-comes a colimit of F # G in CC. We shall take this view now.6.14 Lemma. Let h be a uniformity in a category C; then h + h @ h .Proof. Suppose h : 1C a F ; then F @ FF, so for all p > ˘ in P, (F # F )( p) @ F.So if f : F # F ¥ a F + F is the colimit cone, f p is an isomorphism, for all p > ˘ . ƒ6.15 Corollary. Let h be as above; then h ł (F+ F ): F+ F @ Fł(F+ F ).Proof. We have F+ F @ F @ FF @ Fł(F+ F); the isomorphism (given colimitcone f : F # F ¥ a F + F ) isFf 0 ¥ hF ¥ (f 0)—1 = hł(F+ F )¥f 0¥(f 0)—1 = hł(F+ F ) .ƒ6.16 Theorem. Let h and q be uniformities in a category C. Then h + q is acoproduct of h and q .Proof. Take h : 1C a F , q : 1C a G and z : 1C a H ; a : h a z and b : q a z ;let f be the colimit cone from F # G to F + G , y that from H # H to H + H . Weshall prove that there exists exactly one k : h + q a z with the property that k ¥ f 0= a en k ¥ f1 = b ; i.e. that h + q is a coproduct of h and q , with injections f 0 andf1.By the proof of lemma 6.14, y0 is invertible; and by de�nition of a + b ,(a+b)¥f 0 = y0¥a . So(1)(y0)—1¥(a + b )¥f 0 = a .Since y1 = y0 , likewise(2)(y0)—1¥(a + b )¥f1 = b .So (y0)—1¥(a + b ) meets the requirements on k .Unicity will be considerably harder. Suppose l : h + q a z , with lf 0 = a andlf1 = b . We shall prove that y0¥l = a + b (and hence

⁄6. UNIFORMITIES25l = (y0)-1¥(a + b ) ).By the de�nition of a + b it will suf�ce to prove that for every p ˛P,y0¥l¥f p = yp¥(a # b )p .We have y0¥l¥f 0 = y0¥a = y0¥(a # b )0 , analogously y0¥l¥f1 = y1¥(a # b )1 ,and thereforey0¥l¥f ˘ = y0¥l¥f 0¥h = y0¥(a # b )0¥h = y0¥a ¥h = y0¥z = y˘= y˘ ¥ (a # b )˘ .Now suppose y0¥l¥f p = yp¥(a # b )p (induction hypothesis); we want toprove that y0¥l¥f p0 = yp0 ¥ (a # b )p . If we succeed, we are done, by inductionand symmetry. Since z ł ( H + H ) is invertible (corollary 6.15), it is suf�cient toshow that(z ł (H + H )) ¥ y0 ¥ l ¥ f p0 = (z ł (H + H ) ) ¥ yp0 ¥ (a # b )p0 .By naturality of z : 1 a H and since y0 : H a H + H ,(3)(z ł (H + H )) ¥ y0 = Hy0 ¥ z H .Since moreover l : F + G a H , we have(4)z H¥l = Hl ¥ (z ł (F + G )) .Observe that(5) Ff p = Ff p0 ¥ (Fh ł (F # G )( p)) = Ff p0 ¥ (h ł (F # G )( p0)) = (h ł (F + G ))¥ f p0 .Since z = a ¥h , and hence z ł (F + G ) = (a ł (F + G )) ¥ (h ł (F + G )); and sincea : F a H and (F # G )( p0) = (F ł (F # G ))( p) � (5) implies(6)(z ł (F + G )) ¥ f p0 = Hf p ¥ (a ł (F # G )( p)) .From (3), (4) and (6) we get(7)(z ł (H + H )) ¥ y0 ¥ l ¥ f p0 = (Hł(y0¥l¥f p)) ¥ (a ł (F # G )( p)).The type of yp0 is (H # H )( p0) a H + H . By naturality of z ,(8)(z ł (H + H )) ¥ yp0 = Hyp0 ¥ (z ł (H # H )( p0)),and since a # b : F # G a H # H ,(9)(zł(H # H )( p0)) ¥ (a # b )( p0) = (Hł(a # b )( p0)) ¥ (zł(F # G )( p0)) .Using the de�nition of (a # b )( p0) and once more the naturality of z , we see(10)(Hł(a # b )( p0)) ¥ (zł(F # G )( p0)) =(H2ł(a # b )( p)) ¥ (z H ł (F # G )( p)) ¥ (a ł (F # G )( p))and considering that z H = Hz ,

INITIAL ALGEBRA SEMANTICS26(11) (H2ł(a # b )( p)) ¥ (z H ł (F # G )( p)) = (Hzł(H # H )( p)) ¥ (Hł(a # b )( p)) .By (8)-(11), since yp0 ¥ (zł(H # H )( p)) = yp ,(12)(zł(H + H )) ¥ yp0 ¥ (a # b )( p0) = H ł (yp ¥ (a # b )( p)) ¥ (a ł (F # G )( p)) ;now by (7) and the induction hypothesis we are done.ƒGiven a coproduct diagramaba + bckk¢ fg(6.4)the unique h : a + b a c such that hk = f and hk ’= g is denoted by [ f , g]; and if chappens to be a coproduct as well, say with injections l and l’, [l k , l’l ] is ab-breviated to k + l . Our notation agrees with this custom: if a : h a h’ enb : q a q ’, and f is the colimit cone associated with h + q , y the colimit cone as-sociated with h’+ q ’, then(a + b ) ł fi = yi ł (a + b )(i = 0,1)by de�nition, so a + b = [y0ła , y1łb ] .7. Algebraic uniformitiesA uniformity hK is tied to a particular signature. We shall need this connec-tion in the form presented by the following de�nition.7.1 De�nition. A uniformity h : 1 a F in Alg is algebraic if a signature sexists such that for each A ˛ Alg, SFA ˝ SA ¨ s , and for any two D-bijectionsf and y with f|s = y|s, f Æh @ yÆh .The full subcategory of Un(Alg) with the algebraic uniformities for objects Icall AUn.Given a uniformity h in Alg, let us call a signature s an h-basis ( or basis forh) if f Æh @ yÆh for all D-bijections f and y that agree on s . We shall see thatthe class of h-bases is closed under �nite intersection.7.2 Lemma. Let s , t and u be signatures and y a D-bijection. Then a D-bijection c exists such that c|s = y|s and for all d ˛t, c(d) ˛u only if d ˛s .Proof. Let N = {ni | i ˛IN}, as in ⁄2. Pick M ˛ IN greater than all indices ofnames in u. De�ne:c0(d) = y(d) for d ˛s ;

⁄7. ALGEBRAIC UNIFORMITIES27c0(ni ) = nM + i for ni ˛ t — s ;c0(ni , m0 , � , mk ) = ÆnM + i , c0(m0), � , c0(mk )æ for Æni , m0 , � , mkæ ˛ t — s .Then c0 is an injective morphism from s ¨ t to c0(s ¨ t ); and if d ˇs, thenc0(d) ˇ u . By lemma 2.2 there exists a D-bijection c ˚ c0 ; c has the requiredproperties.ƒ7.3 Theorem. If s and t are h-bases, then so is s ˙ t .Proof. Let f and y be D-bijections that agree on s ˙ t . Construct a D-bijectionc with the propertiesc|s = y|s and for all d ˛t , c(d) ˛ f Æs only if d ˛s .(use the lemma with u = f Æs .) Since s is an h-basis, we must have yÆh @ cÆh .Observe that c agrees with f on s ˙ t . Now letw0 = {Æd , f(d)æ| d ˛s} ¨ {Æd , c(d)æ| d ˛t}.Then w0 is a signature morphism, injective by the choice of c. Extend w0 to a D-bijection w, by lemma 2.2. Then w|s = f|s and w|t = c|t, so f Æh @ w Æh @ cÆh .ƒHence the class of h-bases is closed under �nite intersections. If h has abasis s , then by this theorem h has a least basis, for then the class S of all h-bases may be written as s ˙ I (td| d ˛ s — IS), for a �nite family of h-baseswith d ˇ td . Since obviously if SFA ˝ SA ¨ s and SFA ˝ SA ¨ t , we musthave SFA ˝ SA ¨ ( s ˙ t ) as well, an algebraic uniformity h has a least signa-ture s satisfying the conditions of de�nition 7.1, which may well be called thesignature of the uniformity, and will be denoted by S(h).7.4 Lemma. Let f and y be D-bijections, and h a uniformity in Alg. Then(i) (fy)*= y*ł f*;(ii) (fy)Æh = f Æ(yÆh).Proof. (i) Let A be an algebra; then(fy)*(A) = Ałfy= (Ałf)ły = y*(f*(A)).(ii) We calculate, using (i):(fy)Æh = ((fy)—1)*łh ł(fy)*= (y —1łf—1)*łh ł(fy)*= (f—1)*ł(y —1)*łh ły*ł f*= fÆ(yÆh).ƒ7.5 Lemma. Let f be a D-bijection. If h is an algebraic uniformity, then so isf Æh ; and S(f Æh ) = fÆS(h).

INITIAL ALGEBRA SEMANTICS28Proof. We noted in 6.3.4 that fÆh is a uniformity. If SF A ˝ SA ¨ s for everyalgebra A , then S(F(A¥f)¥f—1) ˝ SA ¨ f Æs by proposition 5.4. Now let y andc be D-bijections such that c| f ÆS(h) = y| f ÆS(h). Then cf|S(h) = yf|S(h), socfÆh @ yfÆh, and by 7.4(ii), cÆ(fÆh) @ yÆ(fÆh).ƒLet w be a D-bijection. By proposition 6.4, the assignment a A w Æa is anautomorphism of AUn; consequently w Æ(h + q) @ w Æh + wÆq . By the construc-tion of h + q and the elementary properties of coproducts we have:7.6 Lemma. If uniformities h and q are algebraic, then so is h + q , andS(h + q ) = S(h) ¨ S(q) .We now study signature change and addition for the basic uniformities hK .We begin by recalling a de�nition from [BHK].7.7 De�nition. Let K be a class of s-algebras, and L a class of t-algebras.Then K + L is the class of all s ¨ t -algebras A such that A|s ˛K and A|t ˛L .The operation + is a semilattice operation on the classes of similar algebras;en Mod is a homomorphism of semilattices. I write K £ L when K + L = L .Clearly, K £ L if and only if K ˚ SK ¿ L .7.8 Lemma. Let K and L be classes of similar algebras. If K £ L , thenG(K) ˚ G(L) .Proof. Let SK = s and SL = t ; then s ˝ t , which implies that t-generated alge-bras are s-generated. If A ˛G(L) , there exists an algebra B ˛L such that t ¿ A£ SA ¿ B. Then B|s ˛K , ands ¿ A = s ¿ (t ¿ A) £ s ¿ (SA ¿ B) = SA ¿ (B|s),that is to say, A ˛G(K) .ƒ7.9 Proposition. Let K and L be varieties. If K £ L , then there exists a mor-phism from hK to hL.Proof. Let A be an algebra; then F L(A) is generated over K, by lemma 8. LetaA, for A ˛ Alg , be the unique homomorphism f from F K(A) to F L(A) deter-mined by the equation f ł hK, A = hL, A . We need only prove that a is a naturaltransformation from F K to F L . Let f : A a B be a homomorphism.

⁄7. ALGEBRAIC UNIFORMITIES29ABF BKF AKKF ALF BLLhhaa f F f F fK , AK , BAB(7.1)ThenF L( f ) ł aAłhK, A = F L( f ) ł hL, A = hL, Bł f = aBłhK, Bł f = aBłF K( f )łhK, A ,by the de�nition of a and by naturality of hL and hK . The universal property ofhK, A now guarantees that F L( f )łaA = aBłF K( f ) , which is what we set out toprove.ƒ7.10 Proposition. Let s and t be signatures with Ss ˝ St ; K a s-variety andL a t-variety. If there exists a morphism hK a hL , then K £ L .Proof. Suppose a : hK a hL , B ˛L , and A = s ¿ B . We must prove thatA ˛K . Observe that the existence of a implies that Fs ˝ Ft , so s ˝ t , andSA = s ; consequently F K(A) ˛K and hK, A is surjective. Let i : A a B be the s-homomorphism Æ1 A(S) | S ˛Ssæ, and de�ne f : FL(A) a B by i = f łhL, A .AF AF AKLBhhai f(7.2)Since i is a monomorphism, hL,A is a monomorphism; hence likewise hK,A isa monomorphism. So A @ F K(A), hence A ˛K .ƒLet K and L be varieties. By the universal property of the homomorphismshK, A , there exists at most one morphism hK a hL . Hence the full subcategoryof Un(Alg) determined by the uniformities hK for varieties K is a quasi-order-ing. By proposition 7.9, the assignment K A hK preserves the order. We shallnow prove that it maps suprema to coproducts.7.11 Theorem. Let K and L be varieties. Then hK+ L @ hK + hL .Example. When considering algebras, one might be tempted to reason as fol-lows about the construction of (F K + F L)(A): �rst we construct F K(A) as a term

INITIAL ALGEBRA SEMANTICS30algebra over A, and factor over a congruence induced by K. This we repeat withL and F K(A). When next we proceed to FKFLFK(A), we do not get any newterms, there are only some identi�cations of terms that were added in the previ-ous step; and in later steps nothing happens at all. So (F K + F L)(A) @F KF LF K(A). � The mistake is in the supposition that no new terms arise in theconstruction of FKFLFK(A). This holds if F K(A) ˛K and F L(A) ˛L , but if forexampleFSK = {Æf0 , S0æ} ¨ {Æfn , T n —1 , Sn æ| n > 0}andFSL = {Æg0 , T0æ} ¨ {Ægn , Sn —1 , T n æ| n > 0 },then for all p > q in P, S(F K # F L)(˘)(q) � S(F K # F L)(˘)( p) . If we stick to �-nite signatures, the example shows that the number of steps needed to arrive in astable situation may be arbitrarily large.Proof of Theorem 7.11. Let F = F K , G = F L , h = hK , q = hL , H = F K+L andz = hK+L ; s = SK and t = SL . Take an arbitrary algebra A. Expand the algebras(F # G )(A)( p) (for p ˛P), (F + G )(A) and HA with proper names for A , to Ap ,A¥ and B respectively, as follows:A˘ = AA ;Ap0(a) = h((F # G )(A)( p))(Ap(a));Aq1(a) = q((F # G )(A)(q))(Aq(a));A¥(a) = f ˘(a), where f : (F # G )(A) ¥ a (F + G )(A) is the colimit cone; and B(a)= zA(a).The given homomorphisms form a colimit cone for the expanded algebras aswell. Each of the elements of each of the algebras Ax (x ˛ P ¨ {¥}) and B is aninterpretation of a closed term. Put u = SB. Each Ap may be seen as a quotientof a term algebra T u¢, with u¢˝ u . Under this aspect, the assignmentAp(t) A B(t) clearly is a homomorphism yp from Ap to B. But A¥ is isomor-phic to a quotient of the union of the term algebras T u¢, in which s ” t if and onlyif there is some p such that Ap ¥ s=t ; so A¥(t) A B(t) is a homomorphism y¥from A¥ to B. To prove that y¥ is an isomorphism, it suf�ces to show that (i)for every closed term t over u there exists p ˛P such that t is interpretable in Ap ,and (ii) DA ¨ Eq(K+L) ƒ s=t implies that there exists p such that Ap ¥ s=t .(i) De�ne T p , for p ˛P, as follows:T ˘ = T SA ;if p = q0 (respectively q1), then T p consists of the elements of T u that one obtainsby substituting elements of T q for the variables in a s-term (respectively t-term).

⁄7. ALGEBRAIC UNIFORMITIES31It is clear that T u = Up˛PT p ; and that all the elements of T p are interpretable inAp .(ii) If s=t is derivable from DA ¨ Eq (K+L), then it is derivable from G :=DA ¨ Eq K ¨ Eq Las well; and without substitution from the set G* of all closed substitution in-stances of G over u. So it suf�ces to prove that for closed u-equations a , G* ƒ aimplies the existence of p such that Ap ¥ a . We use induction on the length ofderivations.If s = t , take p ˛P such that s˛T p ; then Ap ¥ s=t . If s=t is a substitution in-stance of an equation that is valid in K , then take p , q ˛P such that s ˛T p andt ˛T q ; then s , t ˛T r1 for r1 ‡ p , q , and Ar10 = F K(Ar1) ¥ s=t . Instances of L-iden-tities are treated analogously. The cases corresponding to the rules of symmetryand transitivity are trivial. Finally, if s = fs1�sn and t = ft1�tn , and s1=t1,�,sn=tn are derivable, and f ˛s (as we may assume without loss of generality),and we have p1,�, pn ˛P with Api ¥ si=ti (1 £ i £ n), then take q1 with s ˛T q1and q2 with t ˛Tq2 , and r1 ‡ p1,�, pn , q1, q2 ; then Ar1¥si=ti (1 £ i £ n), andAr10 = F K(Ar1) ¥ s=t .ƒLet us call a sort S in the signature of a class K of similar algebras isolatedwith respect to K if SK is a signature and for any A ˛K and any set X, K con-tains the expansion B of A|(SK — {S}) with B(S) = X. Suppose t is the remain-der of SK after all the sort declarations that are isolated with respect to K havebeen removed; we de�ne Kß as t ¿ K . Restricted to varieties, the assignmentK A Kß clearly preserves the ordering £; moreover K £ Kß, and Kßß= K. It iseasy to see that hKß = hK .7.12 Lemma. Let K and L be varieties. If there exists a morphism hK a hL ,then Kß £ Lß.Proof. Let s = SKß, t = SLß, and a : hK a hL . By proposition 10, it suf-�ces to show that Ss ˝ St . If S ˛ Ss — St , then since Fs ˝ Ft , S does not oc-cur in function declarations in s . Hence the only s-terms that have subterms ofsort S are variables. Hence all s-equations about the sort S that are not univer-sally valid, are logically equivalent, and have the form x=y, with x and y dis-tinct. But if K ¥ x=y, we must have L ¥ x=y as well; otherwise consider a two-element set X as an {S}-algebra, then we cannot have a homomorphismaX : FK(X) a FL(X)

INITIAL ALGEBRA SEMANTICS32with aX łhK, X = hL, X . So S ˛ Ss after all.ƒLet Var be the class of varieties, Var the semilattice ÆVar, £ æ , andH : Var a Un(Alg) the assignment K A hK . Observe that Kß+ Lß = (K+ L)ß;we denote the subsemilattice of Var with universe {Kß | K ˛ Var} by Varß. Wenote that the de�nition of the uniformities hM implies that isomorphic uniformi-ties of this kind are actually identical. Hence the full subcategory Sup £Un(Alg) determined by the superexpansions hK is a semilattice. Now it is easyto prove, using lemmas 9 and 12:7.13 Theorem. Sup @ Varß.Let f be a D-bijection; K a class of algebras and h a uniformity in Alg. Wede�ne fÆK as f*(K) and recall that fÆh has been de�ned as (f—1)*łh łf*.7.14 Lemma. Let K be a variety. Then hfÆK @ f—1ÆhK .Proof. Put h = hK, F = F K, q = hfÆK and G = F fÆK. Let A be an algebra.Then F(Ał f—1) is generated over K, so F(Ał f—1)ł f is generated over fÆK. Sof*(hAł f—1) factors through qA, say f*(hAł f—1) = ałqA. On the other hand GAis generated over fÆK, so (f-1)*GA = GAł f—1 is generated over K; so(f-1)*(q A) factors through hAł f—1, say (f-1)*(q A) = błhAł f—1 .AGA(f ÆF)(A)—1qaf Æh—1Ał fF(Ał f )hb(f ) q—1 *GAł f—1—1—1(7.3)Observe that f*(hAłf—1) = (f-1Æh)A. We haveq A = (f*ł (f-1)*)(q A) = f*( b łhAłf—1) = f*( b )ł(f-1Æh)A.Consequently a ł f*( b ) ł (f-1Æh)A = (f-1Æh)A ; since f* is an automorphism ofAlg, (f-1Æh)A is universal from Ał f-1 to f*łF; so a ł f*( b ) = 1f*(F(Ał f—1)).Conversely, f*( b ) ł a łq A = f*( b ) ł f*(hAł f—1) = f*( b łhAł f—1) = q A , sof*( b ) ła = 1GAby the universal property of q A.I will show now that the assignment A A a (henceforth aA) is natural. Takef : A a B . Then we have:

⁄7. ALGEBRAIC UNIFORMITIES33ABGAGB(f ÆF)(A)—1(f ÆF)(B)—1 ff Æh—1f Æh—1qqaaGf(f ÆF) f—1(7.4)aBł Gfłq A = aBłqBłf = (f—1Æh)Błf = (f—1ÆF)f ł(f—1Æh)A = (f—1ÆF)f łaAłq Aby naturality of q, the de�nition of aB and naturality of f—1Æh ; hence by the uni-versal property of q A, aBłGf = (f—1ÆF)f łaA.Likewise A A bA is natural from Fł(f—1)* to (f—1)*o G . We have:Bł fhbAł f(f ) f—1 *h(f ) q—1 *(f ) q—1 *bF(Bł f )F(Ał f )GBł fGAł fF((f ) f )—1 *(f ) Gf —1 *—1—1—1—1—1—1(7.5)bBł(Fł(f—1)*)f łhAł f—1 = bBłhBłf—1ł(f—1)*f by naturality of h= (f—1)*qBł(f—1)*fby the de�nition of b= (f—1)*(qBł f ) = (f—1)*(Gf łq A) by naturality of q= (f—1)*(Gf )ł(f—1)*(q A) = (f—1)*(Gf )łb AłhAł f—1 by the de�nition of b ,so bBł(Fł(f—1)*)f = (f—1)*(Gf )łb A by the universal property of hAł f—1. ƒThis proves in particular that the uniformities hK are algebraic. Note thatK = ModA implies f ÆK = Mod(f—1ÆA).Renamings are their own inverses, which makes things considerably easier:7.15 Corollary. Let K be a variety and r a renaming. Then hrÆK @ rÆhK .

INITIAL ALGEBRA SEMANTICS4/26/94348. Abstract uniformities8.1 De�nition. A reduced uniformity is a pair Æs , hæ of a signature s and analgebraic uniformity h , with s ˝ S(h).Let h = Æs , hæ and q = Æt , qæ, with h : 1 a F , q : 1 a G and s ˝ t , be re-duced uniformities. A morphism from h to q is a pair Æf , aæ of a D-bijection fwith f|s = 1s , and an AUn-morphism a : h a f—1Æq . Then since S(f—1Æq) =f-1ÆSq (lemma 7.5) we must have f ÆS(h) ˝ S(q). The composition of twosuch morphismsÆs, hæÆu, zæÆt, qæÆf, aæÆy, bæis Æył f, (f—1Æb) ¥ aæ. This is indeed a morphism from Æs , hæ to Æu , z æ: by 6.4and 7.4(ii),(f—1Æb)¥a¥h = (f—1Æb)¥(f—1Æq) = f—1Æ(b¥q) = f—1Æ(y —1Æz) = (yf)—1Æz .Composition is associative: letÆs, hæÆt, qæÆf, aæÆu, zæÆy, bæÆr, eæÆc, gæbe morphisms. ThenÆy, bæłÆf , aæ = Æyłf , (f—1Æb )¥aæ and Æc , g æłÆy , b æ = Æcły , (y —1Æg )¥bæ.Composition of D-bijections is associative; so it suf�ces to note that by lemmas7.4 and 6.4,((y f)—1Æg ) ¥ (f—1Æb ) ¥ a = (f—1Æ((y—1Æg ) ¥ b)) ¥ a .The category of reduced uniformities with these morphisms (and identities 1Æs,hæ= Æ1 , Fæ) will be denoted by RUn.8.2 De�nition. An abstract uniformity or uniformity type is an isomorphismclass of objects of RUn.I denote the isomorphism class of Æs , hæ by (s , h). Obviously, if Æt , q æ @ Æs , hæ,then t = s .8.3 De�nition. Let M := (s , h) be an abstract uniformity; then the signature ofM is de�ned by SM = s .8.4 De�nition. Let A = Æs , Aæ be an equational theory; then �A � = (s , hA ) .It is clear that these de�nitions satisfy axiom scheme (S1):

4/26/94⁄8. ABSTRACT UNIFORMITIES35(I)S�A � = SA .8.5 De�nition. Let s be a signature; then T(s) = Æs , hs æ, and T(s) is the iso-morphism class of T(s).In this way we satisfy axiom (S2):(II)S(T(s)) = s .8.6 De�nition. Let h and q be algebraic uniformities, and s a signature. Wecall h and q s-equivalent, notation h ”s q , if Æs , hæ @ Æs , qæ in RUn.The construction of s-equivalent uniformities is not dif�cult:8.7 Lemma. Let h : 1 a F be an algebraic uniformity, s ˝ S(h) and r a rena-ming with the property that r |s = 1s . Then Ær , Fæ is an isomorphism from Æs , hæto Æs , rÆhæ.Proof. We recall that r is an involution, and calculate:Ær , Fæ ł Ær , rÆFæ = Ærłr , (rÆF)¥(rÆF)æ = Æ1, rÆFæ = 1Æs , rÆhæ, andÆr , rÆFæ ł Ær , Fæ = Ærłr , rÆ(rÆF)¥Fæ = Æ1, F¥Fæ = Æ1, Fæ = 1Æs,hæ .ƒ8.8 Lemma. Let Æs , hæ and Æt , qæ be reduced uniformities. Then there exist al-gebraic uniformities h’ and q’ such that h ”s h’, q ”t q’, and S(h’ ) ˙ S(q’ ) ˝s ˙ t .Proof. Apply lemma 2.5 with u = S(h) en f = S(q), to obtain renamings r ands such that r|s = 1s , s|t = 1t , and rÆS(h) ˙ sÆS(q) ˝ s ˙ t . Take h’= rÆh andq’= sÆq, and use the preceding lemma.ƒ8.9 Lemma. Let Æs, hæ and Æt, qæ be reduced uniformities, with s ˝ t , anda : h a q . Then Æ1, aæ is a morphism from Æs, hæ to Æt, qæ.Proof. Trivial.ƒ8.10 De�nition. Let Æs, hæ and Æt, qæ be reduced uniformities, such thatS(h) ˙ S(q) = s ˙ t . Then Æs, hæ + Æt, qæ = Æs ¨ t , h + q æ .8.11 Lemma. (i) If Æf , aæ : Æs , hæ a Æs¢, h’ æ, and a is invertible, then so isÆf , aæ , and Æf,aæ—1 = Æf—1, f Æa —1æ.(ii) If Æf , aæ : Æs , hæ @ Æs¢,h’ æ, then Æf , aæ—1 = Æf—1, f Æa —1æ .

INITIAL ALGEBRA SEMANTICS4/26/9436Proof. (i) Let F and F’ be the respective codomains of h and h’; then a is a nat-ural isomorphism from F to f—1ÆF’. We have:Æf , aæ ł Æf—1, f Æa —1æ = Æ1, (f Æa) ¥ (f Æa —1)æ = Æ1, f Æ(a ¥a —1)æ= Æ1, f Æ(f—1ÆF’ )æ = Æ1, F’ æ = 1Æs ¢,h’ æ ,andÆf—1, f Æa —1æ ł Æf , aæ = Æ1, (f—1Æ(f Æa —1))¥aæ = Æ1, a —1¥aæ = Æ1, Fæ= 1Æs,hæ .(ii) Suppose Æf , aæ—1 = Æy , b æ . Then yf = 1, so y = f—1. MoreoverÆf , aæ ł Æy , b æ = Æ1, F’ æ,so (f Æa)¥b = F’, i.e. a¥(f—1Æb ) = f—1ÆF’. Also Æy , b æ ł Æf , aæ = Æ1, Fæ, so(f-1Æb )¥a = F. So f—1Æb = a —1, and b = f Æa —1.ƒ8.12 Lemma. If Æf , aæ : Æs , hæ @ Æs ¢,h’ æ , and c|S(h) = f|S(h), then thereexists an isomorphism Æc, a’ æ : Æs , hæ @ Æs ¢,h’ æ .Proof. According to lemma 11, Æf , aæ has inverse Æf—1, f Æa —1æ .1Ff F’haf h’1F’h’fh—1fa—1fF—1(8.1)Since h is algebraic, and c|S(h) = f|S(h), there exists an isomorphism d fromf Æh to cÆh . Set w = c—1f , and consider the (commuting) diagrams 8.2.1F’h’fhfa—1—1fa—1fF—1cFch1Fc F’hwac h’wFwhc d—1d—1(8.2)Put a’= wa ¥ c—1d —1. By the right-hand diagramÆc, a’ æ : Æs , hæ a Æs , h’ æ .The transformation a ’ is invertible:wa ¥ c—1d —1¥ c—1d ¥ wa —1 = wa ¥ c—1Æ(d —1¥d ) ¥ wa —1 = wa ¥ w F¥ wa —1= wa ¥ wa —1 = w Æ(a ¥ a —1) = w Æ(f—1F) = (w ł f—1)ÆF= c—1F

4/26/94⁄8. ABSTRACT UNIFORMITIES37and c—1d ¥ wa —1¥ wa ¥ c—1d —1 = c—1d ¥ w F¥ c—1d —1 = c—1d ¥ c—1d —1 = c—1Æ(cF) =F. So Æc, a’ æ has inverse Æc—1, cÆ(a’ )—1æ, by lemma 11.ƒ8.13 Corollary. If h ”s h’ and q ”t q’, and(S(h) ˙ S(q)) ¨ (S(h’ ) ˙ S(q’ )) ˝ s ˙ t ,then Æs ¨ t , h + q æ @ Æs ¨ t , h’+ q’ æ .Proof. Suppose Æf , aæ : Æs , hæ @ Æs , h’ æ and Æy, bæ : Æt , qæ @ Æt , q’ æ . Thenc0 := f|S(h) ¨ y|S(q)is an injective signature morphism. Let c be a D-bijection extending c0 (c existsby lemma 2.2). Then c|(s ¨ t) = f|s ¨ y|t = 1s¨t . By lemma 12 we have iso-morphisms Æc, a’ æ : Æs , hæ @ Æs , h’ æ and Æc, b’ æ : Æt , qæ @ Æt , q’ æ . Using the ob-servation preceding lemma 7.6, we �nd an isomorphism g from h + q toc-1Æ(h’+q’ ), and then by lemma 11,Æc, g æ : Æs ¨ t , h + qæ @ Æs ¨ t , h’+ q’ æ .ƒ8.14 De�nition. Let M := (s , h) and N := (t , q) be uniformity types; supposeS(h) ˙ S(q) = s ˙ t . Then M + N = (s ¨ t , h + q) .The foregoing implies that this unambiguously determines the sum of any pair ofuniformity types: by lemma 8, if M or N happen to be given by means of repre-sentatives that do not satisfy the condition that S(h) ˙ S(q) ˝ s ˙ t , better repre-sentatives may be found; and by corollary 13 the choice of representatives, aslong as they satisfy the condition, does not matter. The de�nition implies imme-diately:(III)S(M + N ) = SM ¨ SN .8.15 De�nition. If Æs , hæ is a reduced uniformity and t a signature, thent ¿ Æs , hæ = Æs ˙ t , hæ , and t ¿ (s , h) = (s ˙ t , h) .It is easy to see that this de�nition is correct; in particular an isomorphism fromh to q is also an isomorphism from s ¿ h to s ¿ q . Observe that(IV)S(s ¿ M ) = s ˙ SM .8.16 Lemma. Let f be a D-bijection and Æy , aæ : Æs , hæ a Æt , qæ . ThenÆf ł y ł f—1, f Æaæ : Æf Æs , f Æhæ a Æf Æt , f Æqæ .

INITIAL ALGEBRA SEMANTICS4/26/9438Proof. For d ˛s , (fłyłf—1)(f Æd) = f(y(d)) = f Æd , since y|s = 1s . For therest, using lemma 7.4 we calculate:(f Æa) ¥ ((f ł y —1ł f—1) Æ (f Æh) = (f Æa) ¥ ((f ł y —1ł f—1ł f)Æh)= (f Æa) ¥ ((f ł y —1)Æh)= f Æ(a ¥ (y —1Æh))(6.4)= fq .ƒWe de�ne: f ÆÆy , aæ = Æfłyłf—1, f Æaæ .8.17 Lemma. The assignment Æy , aæ A f ÆÆy , aæ is an endofunctor of RUn.Proof. In particular:f Æ(Æc, bæ ł Æy , aæ) = f Æ Æ( cy , (y —1b ) ¥ a)æ = Æf ł cy ł f—1, f Æ((y —1b ) ¥ a))æ= Æfcf—1ł fyf—1, (f Æ(y —1b )) ¥ (f Æa)æ= Æfcf—1, fb æ ł Æfyf—1, faæ= (f ÆÆc, bæ) ł (f ÆÆy , aæ),because f Æ(y —1b ) = (f ł y —1ł f—1) Æ (fb) = (fyf—1)—1Æfb . ƒHence we may de�ne f Æ(s , h) as (f Æ s , f Æh). We conclude immediately, forrenamings r :(V)S(rÆM) = rÆSM(VI)rÆ�A � = �rÆA �(VII)rÆT(s) = T(rÆs)Let r be a renaming. As was noted above 7.6, rÆ(h + q) is isomorphic torÆh + rÆq ; by lemma 9 this impliesÆrÆ(s ¨ t), rÆ(h + q)æ @ ÆrÆs ¨ rÆt , rÆh + rÆqæ ,hence(VIII)rÆ(M + N ) = rÆM + rÆN .We haverÆ(s ¿ Æt , qæ) = rÆÆs ˙ t , qæ) = ÆrÆ(s ˙ t), rÆqæ) = ÆrÆs ˙ rÆt , rÆqæ)= (rÆs) ¿ (rÆÆt , qæ).Hence(IX)rÆ(s ¿ N ) = (rÆs) ¿ (rÆN) .

4/26/94⁄8. ABSTRACT UNIFORMITIES39For h ˛ RUn , rÆrÆh = h ; so(X)rÆ(rÆM) = M.We have r|(s/r) = 1s/r by de�nition. Hence rÆ((s/r) ¿ Æt,qæ) = Æ(s/r) ˙ t , rÆqæ ;and if G is the codomain of q , Ær, rÆGæ is an isomorphism from Æ(s/r) ˙ t , rÆqæ toÆ(s/r) ˙ t , qæ . Hence(XI)rÆ((s/r) ¿ N) = (s/r) ¿ N .From lemma 9 and commutativity and associativity modulo isomorphism ofthe coproduct operation we see(XII)M + N = N + M ;(XIII)(L + M ) + N ) = L + ( M + N ) .A special case of theorem 7.11 is: hs ¨ t @ hs + ht. Hence by lemma 9:(XIV)T(s ¨ t) = T(s) + T(t) .Let us call the codomain of an arrow with domain a , in a given category C, aco-object of a (in C).8.18 Lemma. If s ˝ Sh , then h + hs @ h .Proof. Let A be an algebra. Then for each element t of T := T s(A) there exists aunique sequence Æt,a1,�,an æ of a term t over s — SA and elements a1,�,an of Asuch that t = T(t)(a1,�,an ) . It is evident that every homomorphism f : A a B toa s-generated algebra B has exactly one extension over T. In particular, let F bethe codomain of h ; de�ne r A : T a FA byr A(T(t)(a1,�,an )) = FA(t)(hA(a1),�,hA(an )) ,Then r is an AUn-morphism from hs to h . We shall be done once we see thath is a coproduct of h and hs , with injections 1h (= F ) en r.Let q : 1 a G be given, with morphisms a : h a q and b : hs a q .hhhsqabr1

INITIAL ALGEBRA SEMANTICS4/26/9440Proving that the pair Æa , b æ factors uniquely through ÆF, ræ is tantamount toshowing that b = a ¥ r . But this follows immediately by the unicity, for each al-gebra A, of homomorphisms from T s(A) to co-objects of A.ƒBy lemma 9 we now have Æs , hæ + Æs , hsæ @ Æs , hæ , hence(XV)M + TSM = M .As an immediate consequence of theorem 7.11 we get(XVI)�A� + �B� = �A + B � .The identities(XVII)SM ¿ M = M ,(XVIII)s ¿ (t ¿ M) = (s ˙ t) ¿ Mare immediate consequences of the de�nitions. Finally,s ¿ Æs ¨ t , h+qæ = Æs , h + qæ = Æs ¨ (s ˙ t), h + qæ= Æs , hæ + s ¿ Æt , qæ ;i.e. in terms of uniformity types,(XIX)SM ¿ (M + N) = M + SM ¿ M .Taken together, the formulas (I-XIX) imply:8.19 Theorem. Signatures and uniformity types constitute a module algebra.Let ˘ be the void algebra, more precisely: the algebra of void signature. IfSA is inhabited, then F A(˘) is an initial object in the full subcategory of Alg de-termined by the object class Mod(A). The fact that ˘ is initial in Alg even im-plies, through the universal property of hA , ˘ , that F A(˘) is initial in the class{F A(B)| B ˛Alg}, which contains Mod(A) since for B ˛ Mod(A), F A(B) = B .9 CounterexamplesThe most typical of the laws of BMA[ fol] that are not valid for uniformities isthe idempotency law X + X = X . It is immediately odd from the point of view ofinitial algebra semantics: if we specify twice a hidden object of sort S , thensurely we end up with two objects. And indeed, it is not hard to see that{S} ¿ �{S, Æx , Sæ}, ˘ �is a counterexample to idempotency. A fortiori X + y ¿ X = X , (C5) in [BHK], isnot valid. Likewise, if y introduces a constant, of a sort in X , that cannot be re-

⁄9. COUNTEREXAMPLES41duced to something given by X , SX ¿ (Ty + X) „ X; and similarly we may getx ¿ Ty „ T(x ˙ y) . Either one of these inequalities contradicts the BMA[ fol]-ax-iom (E3),x ¿ (Ty + Z) = T(x ˙ y) + x ¿ Z .There may be interesting further characterizations of the class of uniformitiesthat are denoted by closed module expressions of BMA0[eql]. It is easy enoughto �nd a uniformity that is not thus denoted: consider adding a constant c of sortS to the input algebra A on condition that S ˛SA ; but this is also too easily ex-cluded.10 Complexity and completenessMechanical procedures for deciding whether two arbitrary speci�cations havethe same meaning have not been among our most prominent objectives. Never-theless, we should like to have some idea of what we are up against.Assume equality on the set of names N is decidable, and consider �nite equa-tional theories only. Let us ask ourselves what is the recursion-theoretic com-plexity of the decision problem for closed module equations, when moduleterms are interpreted in accordance with ⁄8.There is no gauging the complexity of operations (such as modules are, onour interpretation) without assumptions on the input. I will assume in any casethat the input algebras are countable; we recall that their signatures are �nite. Inwhat way we may consider such algebras to be given, is explained in some de-tail in [BT]; in effect, arbitrary countable algebras of �nite signature may be re-presented by arbitrary functions from I N to I N.By the normal form theorem (proposition 4.3) and its corollary we may as-sume that module expressions have the form s ¿ � A � , for a signature s and a �-nite equational theory A . The status of the hidden signature SA — s is simplythis: when an input algebra C is given, we must supply fresh names for theitems in the overlap of SA — s and SC. Likewise, should there be hidden signa-ture in a speci�cation of C that we happen to use, we must make sure that thissignature does not become an unintended interface. It is easy enough to imagineuniform, effective renaming procedures that take care of this; reason to abstractfrom the problems of hidden signature.Now the target algebra F A(C) may be represented by the equations(*)s(c1,�, cn )=t(c1,�, cn )over SA in parameters c1,�, cn from C that have a derivation in A + Eq CC .The statement that (*) is derivable has the form P( f , m ), where P is a recursively

INITIAL ALGEBRA SEMANTICS4/26/9442enumerable relation (cf. [S]) representing derivability in A , the algebra C iscoded in the function argument f , and m is a number coding the terms s and tand � through f � the parameters c1,�, cn . If �B� is another module, with de-rivability relation Q, then the statement that � A � and �B� are equal may be madein the form(1)"f "m(P( f , m ) « Q( f , m )).This shows that P11 is an upper bound for the complexity of the problem. It maybe simpler, for all I know.If we assume that the input algebras are given by initial algebra speci�cations,we get a (much lower) precise estimate. In this case the function parameter maybe replaced by a numerical code e for a partial recursive function {e}. Then � A �and �B� are equal if(1)"e "m(P({e }, m ) « Q({e }, m )).Rewriting P({e }, m ) in the form $x P0(x , e , m ), for recursive P 0 , and likewisefor Q, we get(2)"e "m($x P0(x , e , m ) « $x Q0(x , e , m )),which is at most P02. Now the bottom line is where the input algebra is ˘; thenthe problem is simply to decide of two numbers e1 and e2 whether the partialfunctions {e1} and {e2} have the same domain of de�nition. But if some oracledecides this problem for us, then we can decide for any e whether the domain of{e} is in�nite: for suppose E is the procedure coded by e ; we can effectivelyconstruct a code f(e) for the following procedure F on input n : apply E alternate-ly for an increasing number of steps to 0, 1, 0, 1, 2, 0, 1, 2, 3, 0,�; output the(n +1)-th input on which you observe E to terminate. If we can decide whether{f(e)}={a}, for some given code a of 1I N , then we know at once that {e} has in-�nite domain. But the set of e such that {e} has in�nite domain is P02-complete(e.g. by [S], exercise 9 of chapter 7); so the matter we began with is also at leastP02.Another kind of question, related to the questions of complexity by its recur-sion theoretic nature, concerns the completeness of algebraic speci�cationmethods with respect to algebraic uniformities: is it the case that all effective (insenses to be speci�ed) algebraic uniformities have equational (or conditionalequational, or whatever else may come up) speci�cations? These questions areobviously related to completeness questions for parametrized speci�cations astreated in [BK], [R] and [Mo]. In our case there is no prescribed parameter sig-nature and no requirement of persistency.

4/26/94⁄11. PARAMETRIZATION4311 ParametrizationThe concepts of speci�cation theory � import, export, parameter passingetc. � have their meanings �rst and foremost in the practice of speci�cation,apart from any mathematical interpretation; and in the second instance, from themathematical interpretation of simple cases: almost-�at modules, simple andpreferably persistent imports. We should not be surprised when such conceptsturn out to have more than one continuation to nontrivial cases. Perhaps exportis the clearest example at hand of this phenomenon: on one interpretation pre-sented in [BHK], by model classes, hiding is existential quanti�cation; on an-other (theories) it is reduction.One could even say that in [BHK] the concepts of import and parametrizationhave evaporated. They do not occur as such, we have only more abstract opera-tions from which they may be built up. The construction of import is fairly obvi-ous; but parameter passing, which the authors modestly say they leave for an-other day, may easily be thought of as a combination of import (of a speci�ca-tion of a parameter) and renaming. On top of this, the present interpretation al-lows an especially straightforward form of parameter passing as application ofthe designated functor � or indirectly, as composition of functors. In any case,it has been shown that, though there may be many conditions under which para-meter passing has various desirable properties, the operation by itself may be de-�ned without reference to any of them.AcknowledgmentsJan Bergstra encouraged me to work out the ideas that led to the investigationhere reported. Bas van Vlijmen helped to overthrow some early illusions.Appendix: categories, natural transformations and co-limitsCategories may be regarded as two-sorted partial algebras. A category C hasa sort C(0) (or C0) of objects and a sort C(1) (or C1) of arrows (also calledmorphisms); total operations id: C0 a C1 (identity; id(x) will be written 1x al-most always) and dom, cod: C1 a C0 (domain and codomain); and a partial op-eration of composition C1oC1 a C1, with the property that fog exists if andonly if domf = codg . Composition is associative, dom1x = cod1x = x,

INITIAL ALGEBRA SEMANTICS4/26/9444dom( f o g) = dom g and cod( f o g) = cod f 1, and 1cod f of = f o 1dom f = f . Thecomposition sign is often dropped. That f is an arrow with domain a and codo-main b is expressed succinctly by f : a a b .The objects of a category are not strictly necessary: since they are in 1-1 cor-respondence with the identity arrows, it does not make any real difference if weidentify them with their identity arrows. They have some use in that they providean ef�cient notation for composability.Occasionally it is useful to speak of a group or an ordering whose elementsform a proper class; with categories such occasions abound. A prime example ofa �large� category is the category Set, whose objects are all sets (this could bespeci�ed further), and whose arrows are all triples ÆX , f , Y æ in which X and Yare sets and f is a function from X to Y (i.e. a single-valued subrelation ofX · Y such that D( f ) = X and C( f ) ˝ Y ). It is common practice to mention onlyf in referring to the triple ÆX , f , Yæ, but the codomain does make a difference forcomposability. The identity 1 X isÆX, {Æx , xæ | x ˛ X}, Xæ;dom(X , f , Y) = X, cod(X , f , Y) = Y, and the composite g o f of ÆY , g , Z æ andÆX , f , Yæ isÆX, {Æx , z æ | $y ˛ Y ( Æ x , y æ ˛ f & Æ y , z æ ˛ g )}, Z æ.Another large example is the category Alg de�ned in ⁄5.A1. Further examples1ß Let M = ÆM , 1 , Æ æ be a monoid. Then M may be regarded as a category witha single object, with identity 1, and arrow sort M; the composition of m , n ˛ M ism Æ n .2ß Let L = ÆL , p æ be a quasi-ordering � in other words, let p be a re�exive andtransitive relation on the set L. Then L determines a category with object sort Land arrow sort p (= {Æx , y æ ˛ L · L | x p y }), in which x is the domain of Æx , y æ and y the codomain, x has identity Æx , x æ , and Æ y , z æ o Æx , y æ = Æx , z æ . By anordering I shall understand an antisymmetric quasi-ordering, that is, what iscommonly called a partial ordering.3ß The domain and codomain operations mirror each other. If in a given categoryC we interchange them, inverting at the same time the order of composability,we get another category, the opposite category Cop. Any arrow f : a a b of C1On condition that f o g exists, of course; in practice one writes down a composite only if itexists.

4/26/94APPENDIX: CATEGORIES45becomes an arrow b a a in Cop. Opposite construction leads to categorical dual-ity: every concept has a dual, often indicated by the pr�x co-. A co-whatsit inC is a whatsit in Cop; domains are a case in point.A left inverse of an arrow f : a a b is an arrow g : b a a such that g f = 1 a. Du-ally, f is a right inverse of g. An inverse of an arrow h is an arrow that is bothleft and right inverse to h; an arrow that has an inverse is an isomorphism, andits domain and codomain are isomorphic. (Note that this terminology is soundwith respect to sets and algebras.) With reference to example 1.1ß above, a one-object category in which every arrow has an inverse is a group.A monomorphism is an arrow f such that for any arrows g, h, fg = fh impliesthat g = h . The dual notion is that of an epimorphism. In Set, the monomor-phisms are the injections, and the epimorphisms the surjections. In Alg, a ho-momorphism is a monomorphism if it is injective, and an epimorphism if it gen-erates its codomain.Within reasonable limits1, the categories may be considered as a particularcategory Cat of partial algebras. The arrows of this category are called functors.A functor F : C a D maps every object c of C to an object Fc of D, and everyarrow f : a a b to an arrow Ff : Fa a Fb in such a way that F(1 c) = 1 Fc andF( f o g) = Ff o Fg. The category C is a subcategory of D (notation, naturally, C£ D) if C0 ˝ D0, C1 ˝ D1, and the operations of C are the restrictions of theoperations of D. We call C a full subcategory if every arrow of D whose do-main and codomain belong to C belongs to C. Note that a full subcategory of agiven category D is completely determined by its object sort.Let F and G be functors from C to D. A natural transformation from F to Gis an assignment a of an arrow a (c) : Fc a Gc in D (usually written ac) to eachc ˛ C0 with the property that for each arrow f : a a b of C,(*)ab o Ff = Gf o aa .Complexes of arrows are often represented by diagrams. Thus, the equation (*)is equivalent to the statement that the diagram1Determined by foundational dif�culties: a category of all categories is rather like a set of allsets.

INITIAL ALGEBRA SEMANTICS4/26/9446FaFfFbaaGaGfGbab(A.2)commutes (or is commutative), that is, the various maximal paths represent thesame arrow.A2. Example. Let s = {S, f:SaS} be a signature. It determines a monoid Mswith object S and arrow set {f}* = {1, f, ff, fff, �}. A s-algebra A determinesa functor F A: Ms a Set, with F A(S) = A(S) and F A(f) = A(f). Suppose B isanother s-algebra; then a natural transformation from F A to F B is precisely a ho-momorphism from A to B. (Any signature may be treated in this way, but com-plications arise almost instantly.)A short notation for �a is a natural transformation from F to G� is:a : F a ¥G.Natural transformations may be regarded as arrows of some category in twodistinct ways.a) The objects are functors, the domain of a : F a ¥G is F and the codomain G.So if we think of a natural transformation as an arrow in this category, we mayuse the ordinary a-notation. The composite

D = (Fc ×{c})

c∈C^0U.Let Q be the least equivalence relation on D such that for all f Œ C1 and x Œdom Ff ,·Ff ( x ), cod f Ò ∫ ·x, dom f Ò .We denote the equivalence class of · x , c Ò by kc(x). Then k is a cone from F toD; indeed, it is not hard to see that k is a colimit cone.(ii) The same construction may be carried through for I-sorted sets, for a givenindex set I; and a fortiori for algebras, except that we do not know how to definethe required operations on D. For instance, the procedure of (i) does not guaran-tee that the interpretation of a constant symbol k in some Fc1 will be made equi-valent to the interpretation of k in Fc2. The difficulty vanishes in case C is a di-rected quasi-ordering — i.e. a quasi-ordering such that for any c1 and c2, thereexist c0 f c1, c2. Then surely· k1 , c1Ò ∫ · k0 , c0Ò ∫ · k2 , c2 Ò ,which fixes the interpretation of k in D; it is a simple matter to generalize thisconsideration to arbitrary operations.A coproduct of two objects c and d in a category C is a colimit of the functorF : 0 A c , 1 A d from the category 2 (with objects 0 and 1 and only identity ar-rows) to C. It is customary to denote a favourite coproduct of c and d by c + d.Let k be the colimit cone; k 0 : c a c + d and k1 : d a c + d are called the injectionsof the coproduct. Suppose we are given arrows f : c a a and g : d a a , repre-1In fact I usually speak of cocones, in deference to the dual notion of a cone from d to F.2It is evident that a fortiori colimit cones for F may be defined as initial objects in a categoryof cocones from F.

4/26/94APPENDIX: CATEGORIES49senting a cone from F to a . Then the unique arrow h : c + d a a such that h • k0 =f and h • k1 = g is denoted by [ f , g]. By the properties of colimits, c + d @ d + cand b + (c + d) @ (b + c) + d . The dual notion is that of a product c ¥ d , with projec-tions p 0 : c ¥ d a c and p1 : c ¥ d a d, and for given f : a a c and g : a a d aunique ( f , g) : a a c ¥ d such that p 0 o ( f , g) = f and p 1 o ( f , g) = g . Generally, a(co-)product is any (co-)limit of a functor from a category with only identity ar-rows.A.4 Examplesa) The product in Set is the wellknown Cartesian product. If f i : Y a Xi(1 £ i £ n ) are functions, then ( f 1,…, f n ) is the function f : Y a X1 ¥ … ¥ Xn de-fined by f ( y) = · f 1( y),…, f n( y)Ò.b) Products in Alg may be based on products in Set. The operations in a pro-duct are defined ‘componentwise’; for example,(*)(A ¥ B)(f )(·a1,b1Ò, ·a2,b2Ò) = ·A(f )(a1,a2), B(f )(b1,b2)Ò.c) Products in categories of partial algebras are obtained analogously, with theobvious proviso that the lefthand side of (*) can be calculated if and only if therighthand side can. In particular, in a product of two categories the composite· f 1 , g1Ò o · f 2 , g2Ò is defined, and then defined as · f 1 o f 2, g1 o g2Ò whenever thelatter makes sense.We end by stating the dual of a theorem from [MaL, V§3]. Let J, P and X becategories. For any object p in P we define the evaluation functor Ep : XPa Xby Ep(H) = H( p) and Ep(a ) = ap .A.5 Proposition. Suppose that S : J a XP is a functor with the property thatfor each p Œ P 0 the composite Ep o S : J a X has a colimit –p with colimit cone kp .Then there is precisely one functor K : P a X such that for all p Œ P 0 ,(i) K( p ) = –p;(ii) the assignment p A kp is a cone k from S to the object K of XP.Moreover, k is a colimit cone for S.REFERENCES[BHK]J.A. Bergstra, J. Heering, P. Klint, Module algebra, Journal of theAssociation for Computing Machinery 37 (1990) 335-72.

INITIAL ALGEBRA SEMANTICS4/26/9450[BK]J.A. Bergstra & J.W. Klop: Initial algebra specifications for parame-trized data types. Elektronische Informationsverarbeitung und Kyberne-tik 19:17-31.[BT]J.A. Bergstra & J.V.Tucker: The completeness of the algebraic specifi-cation methods for computable data types. Information and Control 54(1982) 186-200.[EM]H. Ehrig & B. Mahr, Fundamentals of algebraic specification, Berlin1986 en 1990.[FJ]L.M.G. Feijs and H.B.M. Jonkers, Formal Specification and Design.Cambridge University Press, Cambridge Tracts in Theoretical ComputerScience 35, 1992.[GM]J.A. Goguen, J. Meseguer, Completeness of many-sorted equationallogic, Houston Journal of Mathematics 11 (1985), 307-334.[Gr]G. Grätzer, Universal Algebra, Van Nostrand (1968)/Springer (1979).[J]Philip E.B. Jourdain, The nature of mathematics. In: James R. Newmaned., The world of mathematics. New York 1956.[MaL]Saunders Mac Lane: Categories for the working mathematician. Sprin-ger, New York etc., 1971.[MeG]J. Meseguer, J.A. Goguen, Initiality, induction and computability, inAlgebraic methods in semantics, ed. M. Nivat and J.C. Reynolds, Cam-bridge UP, 1985, pp.459-541.[Mi]C.A. Middelburg, Logic and Specification. Chapman & Hall, ComputerScience: Research and Practice 1, 1993.[Mo]Till Mossakowski, Spezifizierbarkeit und Berechenbarkeit parametri-scher partieller Datatypen. Diplomarbeit am FB3 der Universität Bremen,september 1992.[R]P.H. Rodenburg, Algebraic specifiability of data types with minimalcomputable parameters. Theoretical Computer Science 85 (1991) 97-116.[S]J. Shoenfield, Mathematical logic. Addison-Wesley 1967.[TWW]J.W. Thatcher, E.G. Wagner & J.B. Wright, Data type specifications:parameterization and the power of specification techniques, IBM Re-search Report RC 6214, Yorktown Heights, NY, 1979.