Bisimulation is two-way simulation

J.A. Bergstra^∗ and Gh. Ştefănescu^{∗∗}

�Programming Research Group, University of Amsterdam Kruislaan 403, 1098 SJ Amsterdam, The Netherlands

�Institute of Mathematics, Romanian Academy P.O. Box 1-764, RO-70700 Bucharest, Romania

Abstract We give here a simple proof of the fact that on transition systems bisimulation is the equivalence relation generated by simulation via functions. The proof entirely rests on simple rules of the calculus of relations.

Keywords: theory of computation, concurrency, transition systems, equivalence

Simulation is a standard notion of graph homomorphism that has been used in the study of flow diagram programs (see, e.g. [4, 3, 7]). Bisimulation is an equivalence on transition systems introduced by Park [6] in connection with Milner’s work on concurrency [5]. In [2] we have shown that bisimulation is the equivalence relation generated by simulation via functions by using a translation between flowchart schemes and process graphs. We give here a simple proof of this fact using transition systems and simple rules of the calculus of relations, only.

Remarks on notation: We use ”∘” to denote relational composition of two binary relations (i.e., R ∘ T = {(x, z) | ∃y : x R y and y T z} and Id_A to denote the identity relation on a set A (i.e., Id_A = {(x, x) | x ∈ A}). Definitions: Let A be a set of atomic actions. A transition system over A with multiple entries and multiple exits T : I^S−→ O consists of three sets of vertices: I, S and O with S ∩ (I ∪ O) = ∅ (I specifies the start vertices, S the internal ones and O the end ones) and a transition relation T ⊆ (I ∪ S) × A × (O ∪ S). Two transition systems T : I^S−→ O and T^′ : I^{S0}−→ O are similar via a function ϕ : S → S^′ — written P →_ϕ P^′ — if • (Id_I ∪ ϕ) ∘ T^′ = T ∘ (Id_O ∪ ϕ) T and T^′ are bisimilar via a relation ρ ⊆ S × S^′ — written P ↔_ρ P^′ — if • (Id_I ∪ ρ) ∘ T^′ ⊆ T ∘ (Id_O ∪ ρ) • (Id_I ∪ ρ^{−1}) ∘ T ⊆ T^′ ∘ (Id_O ∪ ρ^{−1}) Note that simulation → is a transitive, but not a symmetric relation, whilst bisimulation ↔ is an equivalence relation. We denote by ← the converse of →.

Lemma 1. For two transition systems T : I^S−→ O and T^′ : I^{S0}−→ O and a function ϕ : S → S^′ the following equivalence holds. (i) (Id_I ∪ ϕ^{−1}) ∘ T ⊆ T^′ ∘ (Id_O ∪ ϕ^{−1}) ⇐⇒ (ii) T ∘ (Id_O ∪ ϕ) ⊆ (Id_I ∪ ϕ) ∘ T^′

Proof: Since ϕ is a function, ϕ ∘ ϕ^{−1} ⊇ Id_S (i.e., ϕ is a total relation) and ϕ^{−1} ∘ ϕ ⊆ Id_S0 (i.e., ϕ is a univocal relation).

”⇒” Compose (i) on left with Id_I ∪ ϕ and on right with Id_O ∪ ϕ. Then (Id_I ∪ ϕ ∘ ϕ^{−1}) ∘ T ∘ (Id_O ∪ ϕ) ⊆ (Id_I ∪ ϕ) ∘ T^′ ∘ (Id_O ∪ ϕ^{−1} ∘ ϕ) and this implies (ii) by the above properties of ϕ.

”⇐” Similar. 2 Corollary. Simulation via a function coincides with bisimulation via a function. 2 In order to pass from bisimilar transition systems to chains of similar ones we need a characterization of bisimulation in terms of bisimulation via functions. The result given here is based on a construction of a common refinement of two bisimilar transition systems. Lemma 2 (interpolation property). Suppose two transition systems T^′ : I^{S0}−→ O and T^{′′} : I^{S00}−→ O and a relation ρ ⊆ S^′ × S^{′′} are given such that T^′ ↔_ρ T^{′′}. Then there exist a transition system T and two functions ϕ : S → S^′ and ψ : S → S^{′′} such that T ↔_ϕ T^′ and T ↔_ψ T^{′′}. Proof: Take a decomposition of ρ as ϕ^{−1} ∘ ψ for two functions ϕ : S → S^′ and ψ : S → S^{′′}. Bisimulation T^′ ↔_ρ T^{′′} means

(i) (Id_I ∪ ϕ^{−1} ∘ ψ) ∘ T^{′′} ⊆ T^′ ∘ (Id_O ∪ ϕ^{−1} ∘ ψ) and (ii) (Id_I ∪ ψ^{−1} ∘ ϕ) ∘ T^′ ⊆ T^{′′} ∘ (Id_O ∪ ψ^{−1} ∘ ϕ) Take the transition system T : I^S−→ O given by the transition relation T = [(Id_I ∪ ϕ) ∘ T^′ ∘ (Id_O ∪ ϕ^{−1})] ∩ [(Id_I ∪ ψ) ∘ T^{′′} ∘ (Id_O ∪ ψ^{−1})] Then T ↔_ϕ T^′. Indeed, one inclusion is straighforward: (Id_I ∪ ϕ^{−1}) ∘ T ⊆ (Id_I ∪ ϕ^{−1} ∘ ϕ) ∘ T^′ ∘ (Id_O ∪ ϕ^{−1}) ⊆ T^′ ∘ (Id_O ∪ ϕ^{−1}) (ϕ is a univocal relation, hence ϕ^{−1} ∘ ϕ ⊆ Id_S0 )

For the second one we use (ii). By a left composition of (ii) with Id_I ∪ ψ we get (Id_I ∪ ψ ∘ ψ^{−1} ∘ ϕ) ∘ T^′ ⊆ (Id_I ∪ ψ) ∘ T^{′′} ∘ (Id_O ∪ ψ^{−1} ∘ ϕ) By using Id_S ⊆ ψ ∘ψ^{−1} (i.e., ψ is a total relation) it follows that the left hand side of this inclusion contains (Id_I ∪ ϕ) ∘ T^′. On the other hand, the right hand side of this inclusion is equal to the second part of the definition of T composed on right with Id_O ∪ ϕ, hence is included in T ∘ (Id_O ∪ ϕ). Consequently, (Id_I ∪ ϕ) ∘ T^′ ⊆ T ∘ (Id_O ∪ ϕ) In a similar way one may prove that T ↔_ψ T^{′′}. 2 Theorem. Bisimulation is the equivalence relation generated by simulation via functions. More precise, ↔ = ← ∘ → .

Proof: From the lemmas above. 2

Simulation is an useful tool to speak about minimization. Simulation via surjective functions models identification of the states with the same behaviour and the converse of the simulation via injective functions models the deletion of the nonaccessible parts. We may give an alternative proof of the Theorem by replacing Lemma 2 with another one using minimization (as in [7] or as in Theorem 2.7.13 in [1] regarding normal forms), but the characterization is less direct, i.e., instead of the present characterization ↔ = ← ∘ → we get ↔ = →_{sur} ∘_{inj}← ∘ →_{inj} ∘_{sur}←, where →_{sur} and →_{inj} are the restrictions of simulation to simulation via surjective and injective functions, respectively. The latter characterization says that two transition systems are bisimilar iff by the identification of the states with the same behaviour and the deletion of the nonaccessible ones both systems may be reduced to the same minimal one.

References

[1] J.C.M. Baeten and W.P. Weijland. Process algebra. Cambridge University Press 1990.

[2] J.A. Bergstra and Gh. Stefanescu. Translations between flowchart schemes and process graphs. In Proceedings FCT’93, 153-162. LNCS 710, Springer Verlag 1993.

[3] C.C. Elgot. Some ”geometrical” categories associated with flowchart schemes. In Proceedings FCT’77, 256-259. LNCS 56, Springer Verlag 1977.

[4] J.A. Goguen. On homomorphism, correctness, termination, unfoldments and equivalence of flow diagram programs. Journal of Computer and System Sciences, 8:333–365, 1974.

[5] R. Milner A calculus of communicating systems. LNCS 92, Springer Verlag 1989.

[6] D. Park. Concurrency and automata on infinite sequences. In Proceedings 5th GI Conference, 167–183. LNCS 104, Springer Verlag, 1981.

[7] Gh. Stefanescu. On flowchart theories. Part I: The deterministic case. Journal of Computer and System Sciences, 35:163-191, 1987.