1NonInterleavingProcessAlgebra

J.C.M. Baeten

Department of Mathematics and Computing Science,

Eindhoven University of Technology,

P.O.Box 513, 5600 MB Eindhoven, The Netherlands

J.A. Bergstra

Programming Research Group, University of Amsterdam,

P.O.Box 41882, 1009 DB Amsterdam, The Netherlands

a n d

Department of Philosophy, Utrecht University,

Heidelberglaan 2, 3584 CS Utrecht, The Netherlands

W e s t u d y a n o n i n t e r l e a v i n g s u b a l g e b r a o f a r e d u c t o f a m o d e l o f A C P . T h e m o d e l

discussed uses step bisimulation semantics. We can derive identities in this model with the

help of the (interleaving) ACP calculus with multi-actions. We study the connection with

Petri nets, and introduce causalities and a causal state operator.

1980 Mathematics Subject Classification (1985 revision):

68Q45, 68Q55, 68Q65, 68Q50.

1987 CR Categories:

F.4.3, D.2.10, D.3.1, D.3.3.

Key words & Phrases:

process algebra, interleaving, non-interleaving, true concurrency,

Petri net, ACP.

N o t e :

Partial support received by ESPRIT basic research action 7166, CONCUR2. The

second author also received partial support from ESPRIT basic research action 6454,

CONFER.

1. INTRODUCTION

.In this paper, we investigate a so-called true concurrency model from the viewpoint of ACP, more

specifically a model with step bisimulation semantics. True concurrency models have in common that

merge will not expand as a sum of products. We will call such models non interleaving. We obtain a

noninterleavingprocessalgebraasasubalgebraofareductofaninterleavingprocessalgebra.Nowthe

problem with developing the equational theory of this non interleaving process algebra is that the

operator set of ACP is too much geared towards interleaving. This turns out to be the case in the

s i m p l e s t e x a m p l e o f a n o n i n t e r l e a v i n g p r o c e s s a l g e b r a a l r e a d y , t h e c a s e c o r r e s p o n d i n g t o s t e p

bisimulationsemantics.Thisnotiondatesbackatleastto[NT84],seealso[P

OM86]or[GV87]whereit

wascalledconcurrentbisimulation.

In non interleaving process algebra causal connections between processes must be made explicit, as

well as the absence of causal connections. Interleaving process algebra introduces causal connections

via two mechanisms: sequential composition and (synchronous or asynchronous) communication. In

fact, using the expansion theorem, all causal effects can be reduced to consequences of sequential

c o m p o s i t i o n . I n t h e a b s e n c e o f a n e x p a n s i o n t h e o r e m t h i s r e d u c t i o n i s n o t p o s s i b l e . S t i l l , s o m e

reduction can be achieved, the communication mechanism can often be eliminated in favor of a more

explicithandlingofcausalities.ThisisexactlywhatPetrinets[P

ET80]provide.InPetrinets,thetokens

2J.C.M. Baeten & J.A. Bergstra provide a bookkeeping of causalities which is so expressive that both sequential composition and

communicationceasetobenecessaryprimitives.

WeprovethatthesyntaxofACPisinadequateforeliminatingcommunicationinaverysimplecase:

a buffer of capacity three in the setting of a non interleaving process algebra based on step bisimulation

s e m a n t i c s . T o r e m e d y t h i s l a c k o f e x p r e s s i v e n e s s o f A C P w e i n t r o d u c e t w o a d d i t i o n a l s y n t a c t i c

features:

¥ Petrielements.Theseareaspecialkindofatomicactions.

¥ acausalstateoperator.

First, we will present a version of ACP with explicit communication, where the mechanisms of

p a r a l l e l c o m p o s i t i o n a n d c o m m u n i c a t i o n a r e s e p a r a t e d . T h e n w e d e s c r i b e h o w t o o b t a i n a n o n

interleavingalgebraasthesubalgebraoftheserialisableprocessesofareductofaninterleavingalgebra.

In this non interleaving model, we study the following issues:

¥ e l i m i n a t i o n o f e n c a p s u l a t i o n a n d c o m m u n i c a t i o n f r o m a r e c u r s i v e s p e c i f i c a t i o n o f a b u f f e r o f

capacity2;

¥ impossibilityofsuchaneliminationforabufferwithcapacity3;

¥ we provide a translation of Petri net notation into the process algebra syntax, which is sound with

respecttostepbisimulationsemantics

¥ we explain how to eliminate encapsulation and communication in favor of causalities and a causal

stateoperator,forthecaseofabufferofcapacity3.

Algebraic versions of Petri net descriptions have been investigated by many authors. We mention

[BDH92], [GV87]. As related work we mention [K

IE89], [CH89], [JPZ91].

Itisnoteasytocomparetheseapproachesandtoexplainthecontributionofthispaperinthecontext

o f t h e p a p e r s m e n t i o n e d a b o v e . H o w e v e r , i n c o m p a r i s o n t o a l l m e n t i o n e d p a p e r s , w e p u t m o r e

emphasis on equational reasoning. It seems to be the case that equational verification of (very simple)

protocolsisfeasibleinanon-interleavingsemantics.

Of course, by restricting our attention to step bisimulation semantics, we make only a small step in

the direction of causality based models. It remains to be seen whether extension of our approach to

othernoninterleavingmodelsisfeasible.

Thisarticleisaslightrevisionof[BB93].

A

CKNOWLEDGEMENT

:ThankstoW.Reisig(TUM�nchen)forhishelpfulcommentsandsuggestions.

2. PROCESSALGEBRAWITHEXPLICITCOMMUNICATION

.We present a variant of the theory ACP of [BK84], [BW90] with explicit communication operator. As

inACP,parallelcompositionhasthreecomponents,twoleft-mergesandasynchronisationoperator.In

the last component, however, no communication is implemented, the synchronisation operator is free

o n a t o m i c a c t i o n s , i . e . f o r a t o m s a,b, aØb r e p r e s e n t s a n e w a t o m i c a c t i o n ( r e p r e s e n t i n g t h e

s y n c h r o n o u s e x e c u t i o n o f a and b) . C o m m u n i c a t i o n i s a c h i e v e d b y a s e p a r a t e o p e r a t o r , t h e

communication operator, that takes the form of a renaming on atomic actions. This separation of

concernsallowsustoexpressthefact,thatcommunicationcanbeeliminatedincertaincases.

Non interleaving process algebra

3X+Y=Y+X

A1(X+Y)+Z=X+(Y+Z)

A2X+X=X

A3(X+Y)øZ=XøZ+YøZ

A4(XøY)øZ=Xø(YøZ)

A5X+¶=X

A6¶øX=¶

A7aØb£A CCAaØb=bØa C1(aØb)Øc=aØ(bØc) C2¶Øa=¶ C3X�Y=X�Y+Y�X+XØY

CM1a�X=aøX

CM2aøX�Y=aø(X�Y)

CM3(X+Y)�Z=X�Z+Y�Z

CM4aøXØb=(aØb)øX CM5

aØbøX=(aØb)øX

CM6

aøXØbøY=(aØb)ø(X�Y)

CM7(X+Y)ØZ=XØZ+YØZ CM8XØ(Y+Z)=XØY+XØZ CM9Ĥ(r)=r ifr�H D1Ĥ(r)=¶ ifr£H D2Ĥ(¶)=¶

DD Ĥ(aØb)=Ĥ(a)Ø^

H(b)DSM̂H(X+Y)=^

H(X)+^

H(Y)D3Ĥ(XøY)=^

H(X)ø^

H(Y)D4_

' (r)=r CR1

_

' (¶)=¶

CR2¤_

'

(a) =

_

' (a)

CR3¤_

'

(X+Y)=¤ _

'

(X)+¤_

'

(Y)CR4¤_

'

(XøY)=¤ _

'

(X)ø¤ _

'

(Y)CR5

T

ABLE

1. ACP ec(CA,

_

'

) .

4J.C.M. Baeten & J.A. Bergstra

2.1 ACP ec.

We describe a remodularisation of the process algebra ACP (Algebra of Communicating Processes) of

[BK84], [BW90] with explicit communication operator. The axioms are in table 1, the signature of

ACP ecisasfollows:

Sorts:

Psort of processes

A “ P subsortofatomic(multi-)actions.

Constants:

¶£A inaction(deadlock).

r£A coreatomicaction,foreach r£CAFunctions:

+:P�P�Palternativecomposition,sum.

ø:P�P�Psequential composition, product.

�:P�P�Pparallelcomposition,merge.

�:P�P�Pleft-merge.

Ø:P�P�P synchronisation merge.

Ĥ:P�Pencapsulation operator, for each

H“CA

¤

_

'

:P�Pcommunicationoperator

Variables:

X,Y,Z,...£P processvariables a,b,c,...£A(multi-)actionvariables.

Theaxiomsintable1havetheformofafirstordertheory.Forinstance,axiomC1shouldbereadas

�a£A�b£A(aØb=bØa). Axioms D1, D2 are actually axiom schemes: there is such an axiom for each core atom r. The theory

h a s t w o p a r a m e t e r s : f i r s t , a f i n i t e s e t

CA o f c o r e a t o m i c a c t i o n s . T h e s e t o f a t o m i c a c t i o n s

A is

generated from

CA by application of the synchronisation merge

Ø. Elements of the set

A are called

atomic actions, multi-actions (using the terminology of [BB91]) or just actions. The inaction constant

¶ is in

A, but not in

CA, is not a core action.

The synchronisation merge is free over atoms, just restricted by axioms C1-3. Thus, for atomic

actions a,b, aØb represents a new atomic action. It should be noted that this construction yields

infinitely many atomic actions. CCA (Communication Closure Axiom) simply expresses that the

synchronisation of two (multi-)actions is again a (multi-)action. In this equational specification, all

elementsof

Aareeitherequalto

¶orcanbewrittenintheform:

r1Ør 2Ø...Ør nwithn>0,ri£CA.Thesecondparameteristhecommunicationfunction _

' , arenamingonatomsthatleavescoreatoms

a n d

¶ f i x e d . T h e c o n n e c t i o n w i t h [ B K 8 4 ] i s a s f o l l o w s : t h e r e , A C P i s p a r a m e t r i s e d b y a

communicationfunction

':CA�CA�CAfi{¶}

.Givensuchabinaryfunction

',wecandefine _

' o n Aas follows: _

' (r)=r

_

' (¶)=¶

_

' (aØb)='(

_

' (a),

_

' (b))

Non interleaving process algebra

5If we write

�' for the merge of [BK84] with communication function

' then the following identity

connectsbothapproaches:

X�'Y=¤_

'

(X�Y).2.2 R

EAD-SEND COMMUNICATION .

Wegiveaspecificinstantiationofthesetofcoreatoms

CAandcommunicationon

CA.Weassumethe

set of messages is a given non-empty finite set

N, and we assume given a non-empty finite set of

communicationports

M.Foreach

i£Nandm£Mwehavethefollowingcoreatoms:

¥ rm(i)readmessage iatport m,¥sm(i)sendmessage i at port m,¥cm(i)communicatemessage m.Thisnotationwasintroducedin[BK86].Thus,wehave

CA={r m(i),sm(i),cm(i)|i£N,

m£M}.On

this action set, communication is defined by means of the axioms in table 2 ( a £ A

) in addition to

axioms CR1,2. These axioms are actually axiom schemes, so for instance the first axiom exists for

every i £ N and m £

M. Notice that the condition

a › ¶ is equivalent to ports(a) › ˚

. We call this

particularinstanceofACP ec(CA,

_

'

) ACP ec(rsc(M,N))_

' (r m(i)Øsm(i))=cm(i)_

' (r m(i)Øsm(j))=¶if i › j

_

' (r m(i)Øsm(j)Øa)=¶if i › j

_

' (r m(i)Ørm(j))=¶

_

' (r m(i)Ørm(j)Øa)=¶

_

' (s m(i)Øsm(j))=¶

_

' (s m(i)Øsm(j)Øa)=¶

_

' (c m(i)Øa)=¶ifm£ports(a)

_

' (aØb)=

_

' (a)Ø

_

' (b) ifports(a)�ports(b)=˚

ports(r m(i)) = ports(s m(i)) = ports(c m(i)) = {m}

ports(¶)=˚

ports(aØb)=ports(a)fiports(b) ifa›¶,b›¶

TABLE2.Read-sendcommunication

Asanexample,wecalculate r1(i)�s1(i)=r1(i)øs1(i)+s1(i)ør1(i)+r1(i)Øs1(i)

¤

_

'

(r1(i)�s1(i))=r

1(i)øs1(i)+s1(i)ør1(i)+c1(i)

^

Hł¤_

'

(r1(i)�s1(i))=c1(i),ifH={r1(i),s1(i):i£N}.

2.3 B

U F F E R S .

Wecanspecifyaone-itembufferwithinputport mandoutputport kasfollows:

6J.C.M. Baeten & J.A. Bergstra

Bmk=�i£N̊rm(i)øsk(i)

øB mk.PutH(m) = {s m(i), rm(i) : i £ N} for m £

M, using the read-send communication function _

' , then we

candefineatwo-itembufferandathree-itembufferasfollows:

C=Ĥ(2)ł¤_

'

(B12�B23)

D = ^

H(2)fiH(3) ł¤_

'

(B12�B23�B34)In case the set of messages

N is a singleton,

|N| = 1

, we can leave out the data elements and simply

write e.g.:

B12=r1øs2øB12.In this case, using the axioms of ACP ec, we can derive the following recursive specification for the

two-itembuffer(where

'

(B12�B23)andC’=Ĥ(2)ł¤_

'

(B12�s3øB23):C=r1øc2øC’.

C’=(r

1�s3)øc2øC’.Similarly,forthethree-itembufferwecanderivethefollowingspecification: D=D 000 = r1 ø D100D100 = c2 ø D010D010=r1øD110+c3øD001+(r1Øc3)øD101D110 = c3 ø D101D001=r1øD101+s4øD000+(r1Øs4)øD100D101=c2øD011+s4øD100+(c2Øs4)øD010D011=r1øD111+s4øD010+(r1Øs4)øD110D111 = s4 ø D110.

We show the transition system of

D in fig. 1. 000

001 010 011

100 101 110 111 r1 r1 r1

r1 s4 s4

s4 s4 c3

c3 c2 c2 r1|s4

r1|s4 r1|c3 c2|s4

FIGURE 1 .

2.4 O

PERATIONAL SEMANTICS .

We present a model for a theory ACP ec using structured operational semantics. This is fairly standard.

Therulesbelowareadaptedfrom[BW90].

Non interleaving process algebra

7In table 3, a,b £ A - {¶}, X,Y,Z are processes. In the encapsulation rules, we use the function core(a).

Ifaisoftheform r1Ør2Ø...Ørnwithn>0,ri£CA,thencore(a)={r1,...,rn}.

a a� �

X ˚ a�˚ X’

X+Y å� X̊’,Y̊+X X̊’

X

˚�

X+Y

˚�,Y̊+X

X

X

ÆY̊a�X̊’øY

X

X

ÆY̊a� ˚ Y X̊a�

X�Y å�X̊’�Y,

Y̊�X å�Y̊�X’,

X̊�Y å�X̊’�Y

X

X�Y

Y̊,Y̊�X

Y̊,X̊�Y Y̊

X

X̊’,Y̊b̊� Y̊’

X�Y åØb̊ ˚�X̊’�Y’,

X̊ØY åØb̊ ˚�

X̊’�Y’

X

˚�,Y̊b̊�

X�Y

˚�,X̊ØY åØb̊ ˚ �

X

X�Y åØb̊ ˚�X̊’,X̊ØY

X̊’,Y̊�X b̊Øå ˚�X̊’,Y̊ØX b̊Øå ˚ �

X å�X̊’,H̊�core(a)=˚

^

H(X)å�^̊H(X’)

X å�˚�,H̊�core(a)=˚

^

H(X)å�

X

X̊’,˚_

' (a)›¶

¤

_

'

(X)˚_

' (a)

˚ ˚ � ˚¤_

'

(X’)

X

˚�,˚_

' (a)›¶

¤

_

'

' (a)

� ˚�TABLE3.OperationalsemanticsforACP ec(CA,

_

'

) .

8J.C.M. Baeten & J.A. Bergstra

In this paper, attention will be restricted to regular processes only. Therefore, we give a structured

operational semantics for regular processes, and so we only need to look at finite linear recursive

s p e c i f i c a t i o n s . I f

E i s s u c h a s y s t e m o f l i n e a r e q u a t i o n s o v e r v a r i a b l e s

X1, ..., X n, then we add

constants

�Xi | E–for each i=1,...,n.

IfXi = a1øXi1+...+a møXim + b1+...+b p is an equation of E,

such that aj›¶,b k › ¶,thenweaddrules

�Xi | E– aj̊�Xij | E–

�X i | E– bk̊� � for

j=1,...,m andk=1,...,p .

On the set of transition systems obtained by these rules, we define (strong) bisimulation in the

usual way. This gives us a model

G =G(CA,

_

'

) of transition systems modulo bisimulation. We can

also obtain this model by considering the set of finite process graphs, and define all operators on this

model, as in [BW90]. As a set of atomic actions can be performed simultaneously (as a multi-action)

this model corresponds to step bisimulation semantics. This notion dates back at least to [NT84], see

also[P

OM86]or[GV87]whereitwascalledconcurrentbisimulation.

2.5 C

AUSE ADDITION .

Our aim is now to give an algebraic specification of Petri nets. It is already known how to give a Petri

net semantics of process algebra, see e.g. [GV87]. There, the constants and operators of ACP are

defined on safe labelled marked nets with bounded parallelism and non-empty initial marking. This

suffices to find a Petri net representing a closed term. It is easy to also define linear recursion on such

Petri nets. For an approach that can handle more than just linear recursion, see [G

OL88].

Here, we want to go the other direction.

Let

Cbeagivenset,thesetof causes

.Wedefinetwooperators,forevery c£C:c_:P�P

inputcauseaddition

_c:P�P

outputcauseaddition.

Wealsodefinethecausesofaprocessbymeansofanoperator causes:P�2 C

set of causes of a process.

Wehavetheaxiomsintable4( a,b£A,c,d£C ).

T h e s e a x i o m s a l l o w u s t o w r i t e

VaW for c1(...cn((.(ad1)...dm), f o r m u l t i s e t s o f c a u s e s V =

{c

1,...,cn}, W = {d

1,...,dm}. We can write all atomic actions in the form

VaW, where causes(a)=˚ ,

byallowing

V=o̊rW=˚

,withtheconventionthat å=å=a.Wecalltheatomicactions

VaWwithcauses(a)=˚

Petrielements .

Wecanalsodefinethesetofcausesofarecursivelydefinedprocessbymeansoftheequation:

causes(X) =

fin‡1 causes(„

n(X)).

Here, we use the projection operators

„n, see [BW90].

Weneedsomenotationformultisets.If

Visamultisetover

C,then

#c(V) isthemultiplicityof c£

C inV (the number of times c appears in

V;set(V) is the set of

V, i.e.c£set(V) iff#c(V)‡1

. IfT is

a set over

C, and

V a multiset over

C, then

V̋T isV restricted to

T, i.e.#c(V

T̋)=#c(V) ifc £ T and#c(V

T̋) = 0 ifc � T.

The set operators fi, -, “ are also used for multisets, i.e.

V “ W if#c(V) †

#c(W) forall c£C,#c(VfiW)=#c(V)+#c(W),#c(V-W)=max(0,#c(V)-#c(W)) c£C.

Non interleaving process algebra

9ca£A

a c£A c¶=¶c=¶ca=cb�a=b

a c=bc�a=bc(ad)=(ca)dc(da)=d(ca)

(a c)d=(ad)c(ca)Øb= c(aØb)

(a c)Øb=(aØb) c

c

(X+Y)=cX+cY

(X+Y) c=Xc+Yc

c

(XøY)=cXøY

(XøY) c=XøYcauses(r)=˚ foreachr£CA

causes(¶)=˚

causes( ca) = causes(a c) = {c} fi causes(a) if a › ¶

causes(aØb)=causes(a)ficauses(b) ifa›¶,b›¶

causes(X + Y) = causes(X) fi causes(Y)

causes(a ø X) = causes(a) fi causes(X) if a › ¶TABLE

4. Cause addition and causes of a process.

2.6 C

AUSAL STATE OPERATOR .

Now we add a special kind of state operator. State operators were introduced in [BB88]. A state

operatorhasacertainstatespace,andfunctions actandeffmodifyingstatesandactions.Herewehave

aspecificstatespace(apairofasetandamultisetover

C)andspecific actandefffunctions(implicitly

givenintable5).

Ć

T,V

:P�Pcausalstateoperator.

Tasetover

C,Vamultisetover

Cwithset(V)“T.

T c o n t a i n s t h e c a u s e s t h a t a r e e n c a p s u l a t e d b y t h e c a u s a l s t a t e o p e r a t o r ,

V c o n t a i n s t h e i n i t i a l

multiplicities of each of these causes. This is inspired by, but not quite the same as the causality

mechanism of [BKT85].

Axioms are shown in table 5. Here,

T is a set over

C,V,W,Z are multisets over

C.Ć

T,V

(¶)=¶

´

C

T,V

(WaZ)=W̋(C-T) aZ̋(C-T) ifW̋T“V,causes(a)=˚,a›¶

´

C

T,V

(WaZ)=¶ifW̋T-V›˚

´

C

T,V

(WaZøX)=Ć

T,V

(WaZ)øĆ

T,((VfiZ)-W)

˝T(X)ifcauses(a)=˚

´

C

T,V

(X+Y)=´ C

T,V

(X)+Ć

T,V

(Y)TABLE 5. Causal state operator.

Notice that we have causes(´ C

T,V

(X)) “ causes(X)

˝(C-T).

Notice that these equations allow us to

eliminatethecausalstateoperatorfromallclosedterms.

1 0 J.C.M. Baeten & J.A. Bergstra

Wecalltheresultingprocessalgebraspecification,ACP ecpluscauseadditionandcausalstateoperator,

ACP pe(CA,

_

' , C

). Operational rules for this operator are straightforward, see table 6. This gives us a

operationalmodel

G(CA,

_

' , C

) .X̊WaZ̊ ˚�

X̊’,c̊auses(a)=˚,

W̊T̋˚“V̊

´

C

T,V

(X)W̊˝(C-T)aZ̋(C-T)˚ ˚ ˚ ˚ ˚ ˚ ˚ ˚ ˚ ˚ ˚ � ˚ Ć

T,((VfiZ)-W)

˝T(X’)

X

W̊aZ̊ ˚�

˚�,c̊auses(a)=˚,

´

C

T,V

� ˚ �TABLE6.Operationalsemanticsforcausalstateoperator.

2.7T

HEOREM

:k�causes(X)ficauses(Y)�XøY=´ C

{k},˚

(Xk� kY).PROOF

: This theorem can be proven for all closed terms over ACP pe by means of structural induction,

and is also valid in the model. We conjecture, however, that it cannot be derived from the theory as an

openconditionalequation.

This identity substantiates Milner’s point of view (see e.g. [M

IL93]) that sequential composition is

not necessarily a primitive operator. We agree that sequential composition is probably not a primitive

computational concept, but, as it can be expressed in many ways using various combinations of other

primitives,itseemstobewellplacedasaprimitiveforamathematicaltheoryofprocesses.

2.8 N

ORMAL

FORM

TH E O R E M

. Let the set of causes

C be infinite. Then every finite closed process

expressionoverthesignature

CA,¶,+,ø,�,�, c_,_ccanbewrittenintheform Ć

T,V

(r1 � ... � r n), where

each riisafinitesumofPetrielements.

P

ROOF

:Omitted.

2.9 P

ETRI NETS .

We can use the algebra ACP pe to specify Petri nets. A transition t in a Petri net with label r £ CA and

withmultisetofinputplaces

Vandmultisetofoutputplaces

WcanbemodeledbyaPetrielement

VrW.

In this case, we put

[t]=VrW.

If we have a completely unfolded (i.e. no cycles) finite Petri net

P with set of places

T, set of

transitions

{t1,...,tn}andinitialmarking

V(amulti-setofplaces).Thealgebraicinterpretationofthe ti,

[t i], is given above. Now the semantics of

P,[P]

, is given by:

[P]=T́

T,V

([t1]�[t 2]�...�[t n]).2.10 E

X A M P L E .

Consider the term rø(s � t)øu) (r,s,t,u £ CA

). Using the semantics of [GV87], we obtain the Petri net

given in fig. 2.

Non interleaving process algebra 1 1 r

s

t u

1

2

3

4

5

FIGURE 2 .

Label the places

C={1,2,3,4,5} as shown in fig. 2. By the semantics in 2.9, we obtain the term Ć

C,{1}

({1}r{2,3}�{2}s{4}�{3}t{5}�{4,5}u).Weusuallyleaveoutthecurlybracketsininputandoutputcausesandwrite Ć

C,{1}

(1r2,3�2s4�3t5�4,5u).Usingtheaxiomsintable5andtheexpansiontheoremofACP pe,weobtain Ć

C,{1}

(1r2,3�2s4�3t5�4,5u)=røĆ

C,{2,3}

(2s4�3t5�4,5u)=

=rø(sø´

C

C,{3,4}

(3t5�4,5u)+tøĆ

C,{2,4}

(2s4�,5u)+(sØt)øĆ

C,{4,5}

(4,5u)) =

=rø(søtø´

C

C,{4,5}

(4,5u)+tøsø´ C

C,{4,5}

(4,5u)+(sØt)øĆ

C,{4,5}

=rø(søt+tøs+(sØt))ø´

C

C,{4,5}

(4,5u)=rø(s�t)øu.

Weseethatweobtainthesametermwestartedfrom.

2.11 P

ETRI NETS WITH LOOPS .

In some cases, it is profitable to work with Petri nets involving loops. In that case, transitions may fire

more than once. In this case, we give the algebraic interpretation of a transition t with label r, input

causes

Vandoutputcauses

Wbymeansofthefollowingrecursionequation:

[t]=VrWø[t].2.12 E

X A M P L E .

Considerthetwo-itembufferof2.3:

C=Ĥ(2)ł¤_

'

(B12�B23).ThecorrespondingPetrinetisgivenin

fig. 3.

r

c s

1

2

3 4

3 2 1

3 .

Usethesetofplacelabels

L={1,2,3,4} andthesetoftransitionequations:

T1=1r1 øT1T2=2,3c2

1,4

øT2T3=4s3

2

øT3.

1 2 J.C.M. Baeten & J.A. Bergstra

PutC=Ĺ

L,{1,2}

(T1�T2

�T3),C’=Ĺ

L,{1,4}

(T1�T 2

�T 3).Usingtheaxiomsintable6andtheexpansiontheoremofACP pe,weobtain

C=Ĺ

L,{1,2}

�T3)=r1ø´L

L,{2,3}

�T3)=r1øc2ø´L

L,{1,4}

�T3)=

=r

1øc2øC’

C’=´

L

L,{1,4}

=r

1øĹ

L,{2,4}

(T1�T2�T3))+s3øĹ

L,{1,2}

(T1�T2�T3)+(r 1Øs3)ø´ L

L,{2,3}

(T1�T2�T3)=

=(r

1øs3+s3ør1+r1Øs3)ø´L

L,{2,3}

�T3)=(r1�s3)øc2øC’.Weseethatwegetbackthesamespecificationweobtainedin2.3.

2.13 T

HREE

-ITEM BUFFER .

Consider the three-item buffer of 2.3:

D=Ĥ(2)fiH(3) ł¤_

'

(B12 � B23 � B34).The corresponding Petri

net is given in fig. 4.

s

r c c

1

2

4 5

3 2 1 4

3

6

FIGURE 4 .

Usethesetofplacelabels

L={1,2,3,4,5,6} andthesetoftransitionequations:

T1=1r1 øT1T2=2,4c2

1,5

øT2T3=3,5s3

2,6

øT3.T4=6s4

3

øT4.

Put

D=D 000=Ĺ

L,{1,2,3}

�T 3�T 4)

D

001=Ĺ

L,{1,2,6}

D

100=Ĺ

L,{2,3,4}

D

101=Ĺ

L,{2,4,6}

D

010=Ĺ

L,{1,3,5}

D

011=Ĺ

L,{1,5,6}

D

110=Ĺ

L,{3,4,5}

D

111=Ĺ

L,{4,5,6}

�T 3�T 4).It is now easy to obtain the specification of 2.3.

2.14 T

:SECOND SPECIFICATION .

I n 2 . 1 3 , w e o b t a i n e d a s p e c i f i c a t i o n f o r t h e t h r e e - i t e m b u f f e r t h a t d o e s n o t u s e e n c a p s u l a t i o n o r

communication, but uses 6 causes. We can do this also with less causes, as the following specification

shows. This specification is obtained by "internalising" causes 1,3,4,6 of the specification in 2.13,

theyarereplacedbyasequentialcomposition.Put

L={2,5}.

Consider:

Z=Ĺ

L,{2}

(X�Y)

X=r

1ø2c2

5

øX

Y=

5c3

2

øs4øY.Thenweobtain

Z=Dbyusingthespecificationin2.13andthefollowingidentifications:

D000=Ĺ

L,{2}

D

L,{2}

(X�s4øY)

Non interleaving process algebra 1 3 D100=Ĺ

L,{2}

(2c2

5

øX�Y)

D

101=Ĺ

L,{2}

5

øX�s4øY)

D

010=Ĺ

L,{5}

(X�Y)

D

011=Ĺ

L,{5}

(X�s4øY)

D

110=Ĺ

L,{5}

5

D

111=Ĺ

L,{5}

5

øX�s4øY).2.15 T

HREE

-ITEM BUFFER

:THIRD SPECIFICATION .

We have the following interesting specification of the three-item buffer. In this specification, we use

theleft-mergeoperator,nottoobtaininterleaving,butonlytogiveaguardedspecificationofwhatisin

fact a merge of an unbounded set of processes. Put

L={0,1}.

D=´

L

{0},{0,0,0}

(K0)

K

0=Ĺ

{1},˚

(0r1

1

ø0c2

1

ø0c3

1

øs4

1

�K1)

K

1=Ĺ

{0},˚

(1r1

0

ø1c2

0

ø1c3

0 0

�K0).3. A

NONINTERLEAVINGPROCESS

ALGEBRA

.W e o b t a i n a n o n i n t e r l e a v i n g p r o c e s s a l g e b r a a s a s u b a l g e b r a o f t h e m o d e l

G(CA,

_

' , C

) . T h i s

subalgebra consists of all serialisable processes. This notion will be defined first.

3.1 S

ERIALISABLE PROCESSES .

Let pbeaprocessin

_

' ,C

).Wesaythat pisserialisable ifforallstates sofp,

¥ whenever sVaØbW̊ ˚ ˚ ˚ ˚ � � with

causes(aØb) = ˚

, then there are multi-sets of causes

V’,V", W’, W" withV’fiV"=V andW’fiW"=W andastate s’suchthat sV’aW’˚ ˚ ˚ � s’ V " bW "

˚ ˚ ˚ � �

¥

whenever sVaØbW̊˚˚˚˚

� s" with � � s " .

LetGser(CA,

_

' ,C

)bethesetofallserialisableprocessesfrom

_

' , C

) .

3.2 T

H E O R E M

:Gs e r(CA,

_

' , C

) is closed under the operators

+,ø,�,�,^

H,¤_

'

,Ć

T,V

,c_,_cand linear

recursion.

P

ROOF

:Omitted.

3.3 R

E M A R K S .

1. Thus,

Gser(CA,

_

' ,C

)isclosedunderalloperatorsofACP peexceptforthesynchronisationmerge

Ø(as the process rØs, for core atoms r,s, is obviously not serialisable), and so

Gs e r(CA,

_

' , C

) i s a

subalgebraof

_

' ,C

)fortherestrictedsignaturenotinvolving Ø.

2.

_

' , C

) is a non interleaving process algebra, as the process r�s, for core atoms r,s, is not

expressible with atomic actions,

+ and ø. Notice that atoms are elements of

A, but atoms can also be

characterised as those process that cannot be split, either as a sum or as a sequential composition, in a

nontrivial way.

3.Inthealgebra

_

' , C

) the objective of elimination (expansion of merge) disappears. Instead,

it becomes an objective to remove the communication operator, and to replace it by the weaker causal

1 4 J.C.M. Baeten & J.A. Bergstra

state operator that originates from Petri net theory. Thus, we eliminate communication in favor of

causality.

4. The definitions in 2.12-15 are all given in the signature of 3.2. Equality of the defined processes is

shownusingequationalreasoningintheinterleavingextensionalgebra

G(CA,

_

' , C

) .

3.4 T

WO-ITEM BUFFER .

Thetwo-itembufferof2.3satisfiesin

Gser(CA,

_

' ,C

)thespecification

C=r1øc2øC’.

C’=(r

1�s3)øc2øC’.This follows immediately from the definition of the model and the fact that this specification is written

inthereducedsignature.

Notice that the specification without the state operator for the three-item buffer in 2.3 is not in the

reduced signature. In fact, we have the following theorem.

3.5 T

HEOREM

: Let

D be the three-item buffer defined in 2.3. There is no service specification for this

processin

_

' ,C

),thatdoesnotusethecommunicationoperatororthecausalstateoperator.

P

ROOF

: Suppose

E(X1, ..., X n) specifies

D and does not use the communication operator or the causal

state operator. First of all, if

� does not occur in

E, then

D cannot perform any steps involving a true

multi-action, and this is a contradiction, for e.g.

Dr1˚� c 2 ˚� r 1Øc 3

˚ ˚ ˚ ˚ � .

So, suppose

� occurs in the specification. Then there must be an outermost merge. It follows that

Dmusthaveastate

Toftheform

(i)

P�Q+R

, or

(ii)

(P�Q)øS+R.

First of all, we observe that both

P and

Q must be finite. To see this, assume e.g. that

P is infinite

andlet

§beaninfinitetraceof

Pandlet abesomeinitialcoreatomicactionof

Q.Everywherealong §,

a is enabled. Inspection of the state graph of

D (fig. 1 in 2.3) brings about that no infinite path exists

along which some action is continuously enabled. In fact, every infinite trace must contain all actions

(perhapsaspartofamulti-action)andjustafteranactionhasbeenperformed,itisnotenabled.

Asboth

PandQarefinite,from

Tatracecanbefoundthatleadsto

(i) a�b + R

(ii)

(a�b)øS+R for appropriate a,b £ CA

. As

D is perpetual, (i) is in fact impossible so we are left with (ii). First

notice that a › b.

Otherwise a trace aøaøaø...

would exist from

T which is impossible by inspection of

fig. 1. We conclude that the transition system for

D must contain as a substructure one of the two

forms in fig. 5 below. By inspection, one observes that no

T can have this property.

Non interleaving process algebra 1 5 a

a b b a

a b b a|b

FIGURE 5 .

3.6 D

EFINITION .

Wedefinetwosubalgebrasof

Gser(CA,

_

' , C

) .

1.

G1(CA) is the minimal subalgebra of the reduct of

Gser(CA, id, ˚

) to the signature

CA, +, ø, �, � .

This algebra also uses step bisimulation semantics. It is obvious that

CA,+,ø is not a set of generators,

as r�s cannot be expressed using this set.

2.

G2(CA,

_

' , C

) is the minimal subalgebra of the reduct of

_

' , C

) to the signature of ACP e cplus cause addition.

3.7 T

HEOREM

.G2(CA,

_

' ,C

)isnotgeneratedbythesignature

CA,¶,+,ø,�,�, c_,_c.PROOF

: Consider the process

P=´{1}

{1},˚

(a1øb � cø

1d) with a,b,c,d £ CA

. This process is in

_

' , C

), as we can prove

P = aø(b � cød) + cøaø(b � d) + (aØc)øbød

. We claim that this process cannot

be written using just

CA,+,ø,�,�

. To see this, notice that every execution of

P involves exactly 4 core

actions. If

P = Q � R

, then every execution of

Q involves the same number of core actions (1,2 or 3),

and every execution of

R involves the same number of core actions (3,2 or 1). Further, each core

action occurs either in

Q or in

R but not in both. Also,

Q and

R cannot involve

� because otherwise

we would obtain a synchronisation of three core actions. If

Q or

R involve

� then the left hand

argument must be a sum of core actions because otherwise we again obtain a ternary synchronisation.

Butinthatcase

�canbeexpandedwith

+andø.Thus,weconcludethat

Q,Raretermsover

CA,+,ø, c_,_c.Atthispoint,finitelymanyoptionsare

left,anditcanbecheckedinasystematicwaythatnoneofthemworks.

3.8 S

OME OPEN QUESTIONS .

i . Is it possible to find finite equational axiomatisations of

G1(CA),G2(CA,

_

' , C

). If not, do such

axiomatisations exist by means of less auxiliary objects and functions than are used in the present

construction of these algebras.

i i . Whichcollectionsofoperatorsgenerate

_

' ,C

).Forexample,is

CA,+,ø,�,�, c_,_c,Ĥ,¤_

'

a

set of generators.

iii. Doesaprimefactorisationtheoremforparallelcompositionholdin

G1(CA)(cf.[MM93]).

i v . Forwhichrecursiveprocessspecificationsover

_

' ,C

)canthecommunicationoperatorbe

eliminatedinfavorofthecausalstateoperator.

1 6 J.C.M. Baeten & J.A. Bergstra

4. CONCLUSION

.In this paper, we have shown examples that expressions of the form

Ĥł¤_

'

(P1 � ... � P n) can be

written in the form

Ć

T,V

(Q1 � ... � Q m). The former is a system specification involving actions that

c a n n o t o c c u r (� h a l v e s� o f c o m m u n i c a t i o n s , l i k e r1(d)) , t h e l a t t e r i s a s e r v i c e s p e c i f i c a t i o n , o n l y

involving actions that actually happen. In this sense the former is more abstract. The latter is closer to

reality,butislessmodular.Asatypicalexample,weconsideredabufferofcapacity3.

Replacing communication by causality is a step forward in terms of understanding a system in

termsofitsexternallyvisiblebehaviouronly.

REFERENCES

.[BB88] J.C.M. B

AETEN

& J.A. B

ERGSTRA

,Global renaming operators in concrete process algebra,

Inf. & Comp. 78 (3), 1988, pp. 205-245.

[ B B 9 1 ] J . C . M . B

A E T E N

& J . A . B

E R G S T R A

,R e a l t i m e p r o c e s s a l g e b r a , i n F o r m a l A s p e c t s o f

Computing 3 (2), 1991, pp. 142-188.

[ B B 9 3 ] J . C . M . B

,N o n i n t e r l e a v i n g p r o c e s s a l g e b r a , i n P r o c .

CONCUR’93, Hildesheim (E. Best, ed.), Springer LNCS 715, 1993, pp. 308-323.

[ B W 9 0 ] J . C . M . B

& W . P . W

E I J L A N D

,P r o c e s s a l g e b r a ,

C a m b r i d g e T r a c t s i n T C S 1 8 ,

Cambridge University Press 1990.

[ B K 8 4 ] J . A . B

& J.W. K

L O P

,P r o c e s s a l g e b r a f o r s y n c h r o n o u s c o m m u n i c a t i o n ,

Inf. &

Control 60, 1984, pp. 109-137.

[BK86] J.A. B

LOP,Verification of an alternating bit protocol by means of process

a l g e b r a , i n : M a t h . M e t h o d s o v S p e c . a n d S y n t h e s i s o f S o f t w a r e S y s t e m s ’ 8 5 ( W . B i b e l & K . P .

Jantke, eds.), Springer LNCS 215, 1986, pp. 9-23.

[ B K T 8 5 ] J . A . B

, J . W . K

& J . V . T

U C K E R

,P r o c e s s a l g e b r a w i t h a s y n c h r o n o u s

communication mechanisms, in Proc. Seminar on Concurrency (S.D. Brookes, A.W. Roscoe & G.

Winskel, eds.), Springer LNCS 197, 1985, pp. 76-95.

[BDH92] E. B

E S T, R. D

EVILLERS

& J.G. H

A L L

,The Petri box calculus: a new causal algebra with

multilabel communication, in: Advances in Petri Nets 92 (G. Rozenberg, ed.), Springer LNCS 609,

1992, pp. 21-69.

[CH89] I. C

ASTELLANI

& M. H

ENNESSY

,Distributed bisimulations,

JACM 10, 1989, pp. 887-911.

[ G V 8 7 ] R . J .

VAN

GL A B B E E K

& F.W. V

A A N D R A G E R

,P e t r i n e t m o d e l s f o r a l g e b r a i c t h e o r i e s o f

concurrency, in: Proc. PARLE, Eindhoven (J.W. de Bakker, A.J. Nijman & P.C. Treleaven, eds.),

Springer LNCS 259, 1987, pp. 224-242.

[G

OL88] U. G

OLTZ

,On representing CCS programs by finite Petri nets, in Proc. MFCS 88, Springer

LNCS 324, 1988, pp. 339-350.

[ J P Z 9 1 ] W . J

A N S S E N

, M . P

O E L

& J . Z

W I E R S

,A c t i o n s y s t e m s a n d a c t i o n r e f i n e m e n t i n t h e

d e v e l o p m e n t o f p a r a l l e l s y s t e m s , i n : P r o c . C O N C U R ’ 9 1 ( J . C . M . B a e t e n & J . F . G r o o t e , e d s . ) ,

Springer LNCS 527, 1991, pp. 298-316.

[K

IE89] A. K

IEHN

,Distributed bisimulations for finite CCS, report 7/89, University of Sussex 1989.

Non interleaving process algebra 1 7 [ MI L93] R. M

I L N E R

,Elements of interaction (Turing Award lecture),

Comm. of the ACM 36 (1),

1993, pp. 78-89.

[MM93] R. M

ILNER

& F. M

OLLER

,Unique decomposition of processes,

Theor. Comp. Sci. 107 (2),

1993, pp. 357-363.

[NT84] M. N

IELSEN

& P.S. T

HIAGARAJAN

,Degrees of non-determinism and concurrency: a Petri net

view, in: Proc. 5th FST&TCS (M. Joseph & R. Shyamasundar, eds.), Springer LNCS 181, 1984,

pp. 89-118.

[ P

E T80] C. P

E T R I

,Introduction to general net theory, in: Net Theory and Applications (W. Brauer,

ed.), Springer LNCS 84, 1980, pp. 1-19.

[P

OM86] L. P

OMELLO

,Some equivalence notions for concurrent systems. An overview, in: Advances

in Petri Nets 1985 (G. Rozenberg, ed.), Springer LNCS 222, 1986, pp. 381-400.