1OnSequentialComposition,

ActionPrefixesandProcessPrefix

J.C.M. Baeten

Department of Mathematics and Computing Science,

Eindhoven University of Technology,

P.O.Box 513, 5600 MB Eindhoven, The Netherlands

J.A. Bergstra

Programming Research Group, University of Amsterdam,

P.O.Box 41882, 1009 DB Amsterdam, The Netherlands

a n d

Department of Philosophy, Utrecht University,

Heidelberglaan 2, 3584 CS Utrecht, The Netherlands

W e i l l u s t r a t e t h e d i f f e r e n c e b e t w e e n s e q u e n t i a l c o m p o s i t i o n i n p r o c e s s a l g e b r a

axiomatisations like ACP and action prefixing in process calculi like CCS. We define both

e a r l y a n d l a t e i n p u t i n a g e n e r a l f r a m e w o r k e x t e n d i n g A C P , a n d c o n s i d e r v a r i o u s

subalgebras, some very close to value passing CCS, another one close to CSP.

1980 Mathematics Subject Classification (1985 revision):

68Q45, 68Q55, 68Q65, 68Q50.

1987 CR Categories:

F.4.3, D.2.10, D.3.1, D.3.3.

Key words & Phrases:

process algebra, process calculus, sequential composition, action

prefix, process prefix, CCS, ACP.

N o t e :

Partial support received by ESPRIT basic research action 7166, CONCUR2. The

second author also received partial support from ESPRIT basic research action 6454,

CONFER.

1. INTRODUCTION

.The purpose of this paper is to present a family of axiom systems that illustrates the difference between

sequentialcompositionandactionprefixing.InACP[BK84],sequentialcompositionistakenasabasic

operation whereas CCS [M

I L80] is based on action prefixing. CSP [H

O A78] in turn uses sequential

composition(beingaprogramminglanguageratherthanaprocessalgebradescription).

W e w i l l s u r v e y a f a m i l y o f s p e c i f i c a t i o n s s t a r t i n g w i t h a p a r a m e t e r - f r e e f o r m o f A C P . T h i s

specification is subsequently extended with a finite sort

N of data and

PN of mappings from

N to

processes. The setting has been simplified by the assumption that a finite set of data is used for value

matching and value passing. Two process constructors are introduced: late functional prefix and early

functional prefix. Axioms are provided for these sorts and functions. Then, by a special choice of

atomicactions,aspecificationisgivenofcommunicationbymeansofvaluematching.Thisistheusual

format used in ACP-based case studies, starting from [BK86]. Next, the early and late input prefixes erm(v);_ resp.

lrm(v);_ are defined. These are action prefixes because of the variable binding effect.

Wenoticethatif ødenotesassociativesequentialcomposition(asitispresentinACP),then erm(v)øPøQ cannot bind v inPøQ because of the scoping ambiguity (

(erm(v)øP)øQ vs.erm(v)ø(PøQ)

). We conclude

thatbindingactionsmustbeprefixes.

2J.C.M.Baeten & J.A.Bergstra

Weconcentrateonfiniteprocesses,restrictingattentiontotasinglefinitedatatype.Thisallowsusto

provideinitialalgebraspecificationsofvariousprocessalgebras.Infiniteprocessescanbeintroducedin

thesettingofinitialalgebrasemanticsalongthelinesof[BT84].

Having presented an extension of ACP, we determine four algebras of reducts of its initial algebra.

Of each of these, a direct specification is given. By direct specification, we mean a specification not

i n v o l v i n g a d d i t i o n a l c o n s t a n t s , o p e r a t o r s a n d s o r t s . T w o o f t h e s e s p e c i f i c a t i o n s , V M C a n d V P C

describedifferentmodelsofalanguageveryclosetofinitaryCCS.

Taking the minimal subalgebra of a reduct of an initial algebra is a known specification method. It

o c c u r s a s a t y p e I I i n i t i a l a l g e b r a s p e c i f i c a t i o n i n [ B T 8 7 ] a n d a s t h e s u b a l g e b r a i n t e r p r e t a t i o n o f

algebraic specifications in [K

A M79]. We will refer to such specifications as subalgebra of reduced

modelspecifications(abbreviatedasSRMspecifications).

It is our view that these specifications clarify the relationship between ACP and CCS in a quite

s a t i s f a c t o r y w a y . S u b s e q u e n t l y , a c t i o n p r e f i x i s e x t e n d e d t o p r o c e s s p r e f i x . A s a c o n s e q u e n c e , a

concise formulation of so-called parallel input is found. As a second application of process prefixing,

we introduce exit actions and an iteration construct that allows the explicit solution of some recursion

equations.

The contribution of this paper is certainly not a semantic one. We use strong early bisimulation

semantics and strong late bisimulation semantics that are well-known from [P

A R81] and the CCS

literature [MPW91], [HL93]. We notice that strong (early) bisimulation was around already before

1980 in the literature on modal logics under different names. We hope to contribute to the design of

algebraic specifications of process algebras. In particular, it is shown how action and process prefixing

are very useful on top of ACP, in spite of the fact that ACP is based on the seemingly more general

sequentialcompositionmechanism.

Several remarks on notation are useful. In [BB90], a constant

0 has been introduced that satisfies

the axioms

0øX = 0, Xø0 = 0 and

X + 0 = 0

. This constant can be identified with the constant

0 of

[ M

I L89]. By doing so, an important difference between action prefixing a;X and aøX ( s e q u e n t i a l

compositionof aandX)emerges:

aø0 = 0 whereas a;0=aø¶.

Thus, sequential composition is not an extension of prefixing, not even in the case of basic actions, i.e.

actions without binding effect. However, we will simplify our discussion by not considering

0. The

role of CCS’s nil will be played by

¶ of ACP. As said above, we will use

; to denote action prefixing

rather than

. as used in [M

IL80]. Our motivation for this choice is as follows: ACP’s ø extends CCS’s

.in the setting of basic actions and in the absence of

0. That justifies its notation. Then, another notation

isneededforactionprefixingforwhichwechoose;likeinLOTOS[B

RI88].

Our value passing axioms VPA seem to be consistent with points of view put forward in [HI91],

[HL93].Adifferenceisouremphasisonpurelyequationalspecification.

We have also considered CSP’s communication primitives m!t and m?x (see [H

O A7 8 ] ) . T h e s e

requirethepresenceofaglobalstatefromwhichavaluefor tisretrievedandintowhichavaluefor xis

stored (like the register operator of [V

ER92]). When modeled as atomic actions, m?x have no

On sequential composition, action prefixes and process prefix

3variable binding effect and they can be used in the context of an associative sequential composition

operator.

A d i s t i n c t i o n c a n b e m a d e b e t w e e n a p r o c e s s a l g e b r a s p e c i f i c a t i o n a n d a p r o c e s s c a l c u l u s

specification. ACP is a process algebra specification, it explains the laws for algebraic manipulation of

processes. VPC (value passing calculus) is the closest approximation we find of finite CCS with value

passing. VPC is a process calculus, because it makes essential use of bound and free variables. Below,

we will obtain a model of VPC as a subalgebra of a reduct of the initial algebra of a process algebra

specificationextendingACP.Itisnotcleartouswhetherornotsuchanapproachispossibleformobile

communicationinthestyleof[EN86]and[MPW92]aswell.

A

C K N O W L E D G E M E N T

: W e t h a n k A . P o n s e ( U n i v e r s i t y o f A m s t e r d a m ) , C . V e r h o e f ( E i n d h o v e n

UniversityofTechnology)andtherefereefortheirhelpfulremarks.

2.PARAMETER

-FREE

ACPANDFUNCTIONALPREFIXES

.We consider two forms of functional prefix. Later on, these will be used to model early and late input.

First, we give a version of ACP without parameters.

2.1 ACP

WITHOUT PARAMETERS .

We describe a version of the process algebra ACP (Algebra of Communicating Processes) of [BK84]

without parameters. The axioms are in table 1, the signature follows. These axioms have the form of a

first order theory. For instance, axiom C1 should be read as

�a£A�b£A(aØb=bØa). ThesignatureofACPisasfollows:

Sorts:

Psort of processes

A “ P subsort of atomic actions. Introduced in [BK82] (adapted from

[BZ82]).

Ac“Asubsort of core atomic actions.

Constant:

¶£A inaction (deadlock). From [BK84].

Functions:

+:P�P�Palternative composition, sum. From [M

IL80].ø:P�P�Psequential composition, product. From [BZ82]. The laws A4, A5

are from [BK82], [BK84].

�:P�P�Pparallel composition, merge. Laws CM1-9 from [BK84].

�:P�P�Pleft-merge. From [BK82].

Ø:P�P�P communication merge. From [BK84].

4J.C.M.Baeten & J.A.Bergstra

^:Ac�P�Pencapsulation operator. We write

^{d}(X) for̂(d,X)

. Notation

from [BK84].

Variables:

X,Y,Z,...£P processvariables a,b,c,...£Aactionvariables d,e,...£A coreactionvariables.

X+Y=Y+X

A1(X+Y)+Z=X+(Y+Z)

A2X+X=X

A3(X+Y)øZ=XøZ+YøZ

A4(XøY)øZ=Xø(YøZ)

A5X+¶=X

A6¶øX=¶

A7aØb=bØa C1(aØb)Øc=aØ(bØc) C2¶Øa=¶ C3X�Y=X�Y+Y�X+XØY

CM1a�X=aøX

CM2aøX�Y=aø(X�Y)

CM3(X+Y)�Z=X�Z+Y�Z

CM4aøXØb=(aØb)øX CM5

aØbøX=(aØb)øX

CM6

aøXØbøY=(aØb)ø(X�Y)

CM7(X+Y)ØZ=XØZ+YØZ CM8XØ(Y+Z)=XØY+XØZ CM9^{d}(¶)=¶

D0d›e�^

{d}(e)=eD1^{d}(d) = ¶

D2^{d}(X+Y)=^

{d}(X)+^

{d}(Y)D3^{d}(XøY)=^

{d}(X)ø^

{d}(Y)D4aØb£A CCAa£Ac�a=¶CAATABLE

1. ACP.

This presentation of ACP is an alternative to the presentation in [BW90], where there are two

parameters, a finite set of constants

A, and a communication function

' on the constants. Then, an

On sequential composition, action prefixes and process prefix

5a x i o m c o n t a i n i n g a n a or b c a n b e c o n s i d e r e d a s a n a x i o m s c h e m a , a n d w e a r e d e a l i n g w i t h a n

equational specification ACP(

A,'). In this case, we also have for each subset

H ofA an encapsulation

operator

Ĥ.

In the present setting, we have a subsort of core atomic actions. This subsort prevents

¶frombeing

afirstargumentforencapsulation.CAA(CoreAtomsAxiom)expressesthatatomicactionsareeither

¶or core. Proper non-core actions will for example emerge in the form of multi-actions when step

bisimulation semantics is considered (not in this paper however). CCA (Communication Closure

Axiom)simplyexpressesthatthecommunicationoftwoatomicactionsisagainanatomicaction.Since

the subsort

Ac may be infinite, we encapsulate only singleton sets. We can generalize by writing

^{d1,...,dk}(X)for^{d1}ł...ł^

{dk}(X),ifd1,...,d

k£Ac.2.2 R

ENAMING .

A useful extension of ACP is obtained by the addition of renaming operators (see [BB88], notation

from [V

AA90]). Let f be a unary function from

Ac toAc. Then we add an operator

¤f: P � P to ACP,

that renames each d £ A c into f(d).

We have the axioms in table 2. The theory ACP plus renaming is

called ACP + RN.

f:Ac�A crenamingfunction

¤f:P�Prenamingoperator.

¤f(¶)=¶¤f(d)=f(d)

¤f(X+Y)=¤ f(X)+¤f(Y)¤f(XøY)=¤f(X)ø¤f(Y)TABLE

2. Renaming.

2.3 S

UBALGEBRA OF REDUCED

MODEL SPECIFICATIONS .

Since the theory ACP of 2.1 has

¶ as only constant, the initial algebra is the one-point model. Thus, if

we want to talk about subalgebras of initial ACP algebras, we need an additional set of constants.

ExtendACPbyafiniteset

|Ac|ofatomicconstants,soforeach d£|Ac|wehavethedeclaration d£A cas a constant in the signature of ACP(

|Ac|). Next, if

': |A c| � |A c|fi{¶} is a commutative and

associative function, then first, we replace axioms C1,2, CCA, CAA by axioms dØe='(d,e) foralld,e£|A c|.Secondly,wereplacetheaxiomD1bytheaxiomschema

^{d}(e) = e

(forall d,e£|Ac|suchthat d›e).

Thirdly, the axioms CM2,3,5,6,7, D2,3,4 are interpreted as axiom schemas, for all d,e £ |A c|. These

three steps lead to the finite equational specification ACP(

|Ac|,') of [BK84], [BW90]. Let

'¶ be the

communication function always yielding

¶. In order to exemplify the SRM specification method we

willfirstconsiderfoursubsignaturesofthesignatureofACP(

|Ac|,'¶):

¥ �(BPA)hassorts

P,A,

setofconstants

|Ac|andfunctions +,ø

6J.C.M.Baeten & J.A.Bergstra ¥

�(BPA

¶

)hassorts

P,A,setofconstants

{¶}fi|A c|andfunctions

+,ø¥

�(PA)hassorts

P,A,

setofconstants

|Ac|andfunctions

+,ø,�,� ¥

�(PA

¶

LetI be the initial algebra of ACP(

|Ac|,'¶). For a subsignature �, consider

�

I–�

. This is the minimal

subalgebra of the �-reduct of

I

,I|�

. Then the following results paraphrase results that can be found

e.g. in [BW90]:

¥

�I–�(BPA)

isaxiomatisedbyaxiomsA1-5oftable1(inthesenseofaninitialalgebraspecification).

TheyconstitutethetheoryBPA.

¥

�I–�(BPA

¶

)isaxiomatisedbyaxiomsA1-7oftable1.TheyconstitutethetheoryBPA ¶.

¥

�I–� ( P A )

is axiomatised by axioms A1-5 of table 1 and axioms M1-4 of table 3 below. They

constitutethetheoryPA.

¥

�I–� ( P A

¶

) is axiomatised by axioms A1-7 of table 1 and axioms M1-4 of table 3 below. They

constitutethetheoryPA

¶.X�Y=X�Y+Y�X

M1a�X=aøX

M2aøX�Y=aø(X�Y)

M3(X+Y)�Z=X�Z+Y�Z

M4TABLE

3. Axioms for PA, PA

2.4 F

UNCTIONAL PREFIXES .

Fix a natural number n ‡ 1.

This number will be a parameter of the further theory. Later on, n will be

the cardinality of the message set that we consider as input or output messages. We have constants in

thelanguageforallnumbers

1,...,n

(usuallywedonotmakethisdifferenceexplicitly,butinthiscaseit

makesthingstofollowmoreclear).Additionalsignature:

Sorts:

Nsetofnumbers

{1,...,n}

P

Nfunctions from

N to processes, represented by a sequence of

length n.

Constants:

1,...,n£Nnumbers

Functions:

�_,...,_–:P�...�P�P

Nsequenceofprocessesoflength n, representing element of

PN_�_:A�N�A latetoearlyconversion(adaptedfrom[M

IL89])¥N:A�PN�Platefunctionalprefix łN:A�PN�Pearlyfunctionalprefix

Variables:

p,q,r£N

F£P

N

On sequential composition, action prefixes and process prefix

7Axioms are in table 4 (as before, a,b £ A, X,Y,X i £ P). We notice that there are no restrictions on

�exceptfortheaxiom

¶�p=¶.

The last axiom in table 4 is the Early Communication Axiom ECA. It says that two late action

prefixescannotcommunicate.WecallthisextensionofACPwithfunctionalprefixesFunctionalPrefix

Algebra, FPA

E C A

(N). Of course, at this point a modification is possible by allowing late prefixes to

communicate. This requires that axiom ECA is dropped, of course. It happens for instance, when we

consider mobile processes (see [EN86], [MPW92]).

a łN�X1,...,X n–=(a�1)øX

1 + ... + (a�n)øX n¶�p = ¶

¶

¥NF=¶

(a

¥N�X1,...,Xn–)øY=a¥N�X1øY,...,XnøY–

(a

¥N�X1,...,Xn–)�Y=a¥N�X1�Y,...,Xn�Y–

^

{a}(b¥N�X1,...,X n–)=^{a}(b)¥N�^{a}(X1),...,^{a}(Xn)–

(a

¥NF)Øb=(ałNF)Øb

aØ(b

¥NF)=aØ(błNF)

(a

¥NF)ØbøX=(ałNF)ØbøX

aøXØ(b

¥NF)=aøXØ(błNF)

(a

¥NF)Ø(b¥NG)=¶ECA

T

ABLE4.Earlyandlatefunctionalprefixing.

3.FORMSOFCOMMUNICATION

.W e w i l l s p e c i a l i s e t h e g e n e r a l t h e o r y o f t h e p r e v i o u s s e c t i o n t o d e s c r i b e s e v e r a l f o r m s o f

communication.OurspecificationswillbeoftheformACP(

|Ac|,')with

|Ac|and 'beingextendedstep

by step.

3.1 R

EAD-SEND COMMUNICATION .

We give a specific instantiation of the set of atomic actions

A and communication on

A following the

notation of [BK86]. We assume the set of messages is given as

N (perhaps after some appropriate

coding), and we assume given a finite set of communication ports

M. For each

i £ N andm £M we

havethefollowingatomicactions:

¥ rm(i)readmessage iatport m,¥sm(i)sendmessage i at port m,¥cm(i)communicatemessage m.

8J.C.M.Baeten & J.A.Bergstra

Thus,wehave

|Ac|={rm(i),sm(i),cm(i)|i£N,

m£M},|A|=|A

c|fi{¶}.On this action set, communication is defined by means of the axioms in table 5 ( a £ A, p £ N

). These

axioms are actually axiom schemes, so for instance the first axiom exists for every i £ N andm £M.

Adding these axioms is consistent with axioms C0,1,2,3 of ACP. These notations and axioms have

been introduced in [BK86].

rm(i)Øsm(i)=cm(i)rm(i)Øsk(j)=¶if k › m or i › j

r m(i)Ørk(j)=¶

s m(i)Øsk(j)=¶

c m(i)Øa=¶

r m(i)�p = ¶

s

c

TABLE5.Read-sendcommunication

3.2 B

OOLEANS .

In the sequel, we need the sort of Booleans. We use the axioms in table 6 ( p£N,d£A c). We use the i f . . . t h e n . . .

o p e r a t o r ( o n e - a r m e d c o n d i t i o n a l )

:�, s e e [ B B 9 2 ] . I n t e r m s o f t h i s o p e r a t o r , t h e then...if...else...

operator (two-armed conditional) can be defined (notation taken from [HHJ+87]).

Sort:

Bbooleans

Constants:

T,F£B true, false

Functions:

� _

:B�B negation

_�_

:B�B�B disjunction

:B�B�B conjunction

(_=_):N�N�B dataequality

_:�_:B�P�P one-armed conditional, if...then...

_Ø_�:P�B�P�P two-armed conditional, t h e n . . . i f . . . e l s e . . .

Variables:”,'£B.

On sequential composition, action prefixes and process prefix

9�T=F

F�”=”

�F=T T�”=”

T�”=T

F�”=F

(p=p)=T

(i = j)=F if i › jT:�X=X

F:�X=¶

”:�¶=¶

”:�(X+Y)=(”:�X)+(”:�Y)

(”:�X)øY=”:�XøY

(”:�X)�Y=”:�X�Y

(”:�X)ØY=”:�XØY

XØ(”:�Y)=”:�XØY

^

{d}(”:�X)=”:�^

{d}(X)¤f(”:�X)=”:�¤ f(X)

X

Ø”�Y=(”:�X)+(�”:�Y)

TABLE

6. Booleans.

3.3 S

UBSTITUTION .

Now we introduce in the language variables over

N in Boolean expressions. These are elements of the

syntax, and can be considered as constants in the signature. Assume there is an infinite set of variables

V = {v, w, v

1, ...}.

As we have no functions defined on

N, this makes that the only terms over

N are

theindividualconstantsandtheindividualvariables.Thus,eachbooleanexpression

(k=m) hasoneof

the forms

(i = j), (v = i), (i = v), (v = w).

In the presence of these variables, we can define subsitution

bymeansoftheaxiomsintable7( a£A,p,q,r£N,X,Y,X i£P,”,'£B ).

Functions:

_[_/_]:P�N�V�P substitution on P

_[_/_]:B�N�V�B

B

_[_/_]:N�N�V�N

NIt is possible to extend this set-up, and allow functions on

N, so that we can form terms over N,

consisting of variables, constants and function symbols. We do not do so for reasons of simplicity.

J.C.M.Baeten & J.A.Bergstra

¶[p/v]=¶ a£Ac�a[p/v]=a

(X+Y)[p/v]=X[p/v]+Y[p/v]

(XøY)[p/v]=X[p/v]øY[p/v]

(a

¥N�X1,...,Xn–)[p/v]=a[p/v]

¥N�X1[p/v],...,X

n[p/v]–

(X

Ø”�Y)[p/v]=X[p/v]

Ø”[p/v]

�Y[p/v]

T[p/v]=T

F[p/v]=F

(� ”)[p/v] = � ”[p/v]

(”�')[p/v]=”[p/v]�'[p/v]

(”�')[p/v]=”[p/v]�'[p/v]

(q=r)[p/v]=(q[p/v]=r[p/v])

i[p/v]=i

v[p/v]=p

w[p/v]=w ifv›w

TABLE

7. Substitution.

3.4 E

ARLY AND LATE ACTION

PREFIXING .

Now we add a number of unary operators on

P, based on [M

IL80]. We also add a new input action,

andafunctionalabstractionoperator.Let

m£M,i£Nandv£V.Axiomsareintable8(

a£A,X£

P

).Extrasignature:

erm(v);_:P�P earlyinputprefix lrm(v);_:P�P lateinputprefix sm(i);_:P�P outputprefix cm(i);_:P�P communicationprefix rm£A cinputaction

´v._:P�PNfunctionalabstraction

We are not dealing with free and bound variables here because of the way we treat variables over

N.

Thisiswhywedonotneedmachinerytodistinguishfreeandboundvariablesand

�-conversion.

On sequential composition, action prefixes and process prefix

11sm(i);X=s m(i)øX

c m(i);X=c

er m(v);X=r młN´v.X

lr

m¥N´v.X

r m�i = r m(i)

r mØa=¶

´v.X=�X[1/v],...,X[n/v]–

TABLE8.Earlyandlateinput.

Notice that we can write erm(v);X=r m(1)øX[1/v]+...+r m(n)øX[n/v]

, so if one focuses on early input

prefixes,bothfunctionalinputprefixingandfunctionalabstractionarenotnecessaryandjustserveasa

notationalconvenience.

3.5 E

X A M P L E .

Thefollowingexpressiondenotesaprocessthatreadsinavalue iinlatesemanticsandthenoutputsthe

value i+1(modn) alongthesameport:

lrm(v);(s m(2)Øv=1�¶+...+s m(1)Øv=n�¶).3.6 R

ESTRICTED INPUT .

We can define input actions that work with a restricted domain, a subset of

N. LetD“N .

Extrasyntax:

erD

m

(v);_:P�P restrictedearlyinputprefix lrD

m

restrictedlateinputprefix rD

m

£A crestrictedinputaction.

m

(v);X=r D

m

łN´v.X

lr

D

m

D

m

¥N´v.X

r

D

m

�i = r m(i)ifi£D

r

D

m

�i = ¶ ifi�D

r

D

m

Øa=¶ TABLE 9. Restricted input.

3.8 E

LIMINATION .

W e c a n o b t a i n a n e l i m i n a t i o n t h e o r e m f o r t h e t h e o r y d e v e l o p e d i n t h i s s e c t i o n , e v e n f o r t e r m s

containingdatavariables.Thus,callatermprocessclosedifitdoesnotcontainprocessvariables.Then

we claim that for each process closed term over this theory, there is a process closed term that is

provablyequaltoitthatdoesnotcontaintheoperators

�,�,Ø,^{d},łN,�,[/],;.

J.C.M.Baeten & J.A.Bergstra

3.9 H

O A R E

’S INPUT ACTION .

We consider another kind of communication which is useful to model the various features of original

CSP [H

OA78] and theoretical CSP [BHR84].

We start from the set of atomic actions introduced above, so we have actions

¶,rm(i),sm(i),cm(i),

r m for each i £ N, m £

M. As in 3.3, we have a set of variables

V ranging over

N. We do not want to

mix the variable prefixes of 3.4 with the variable constructs here, so we assume we have a different set

of variables here. Let us denote the variables here by x,y,z,...

instead of v,w,...

. We add the following

atomicactions:

m?x

£A cHoare’sinputaction,for x£V,m£

M(x:=i)

£A cassignavaluetoavariable,for x£V,i£N

ass(i) £A cthevaluehasbeenassigned,for i£NFurthermore, we add the functions x́

p

:P�Pstate operator (see [BB88], [V

ER92])x́

p

(¶)=¶

´

x

p

(m?x)=r m(1)+...+r m(n)

´

x

p

(x:=i)=ass(i)

´

x

p

(d)=d for dnot of the form m?xorx:=i

´

x

p

(m?xøX)=r m(1)ø´ x

1

(X)+...+r m(n)ø´ x

n

(X)

´

x

p

(x:=iøX)=ass(i)ø´ x

i

´

x

p

(døX)=dø´ x

p

(X)for dnot of the form

´

x

p

(X+Y)=x́

p

(X)+x́

p

(Y)

´

x

p

(XØ”�Y)=x́

p

(X)Ø”[p/x]�x́

p

(Y)TABLE

10. Hoare’s input action.

We have the equations in table 10. In the expression

p

(X), the state operator puts process

X in a

contextwherethevariable xislocallyknownandwhereithasinitialvalue p.

The CSP output action m!i can simply be defined as sm(i), and the notation m!x can be used as an

abbreviationfor sm(1)Øx=1�¶+...+s m(n)Øx=n�¶( c f . 3 . 5 ) .

4. P

ROCESS PREFIX

.In section 3 we added a number of prefix operators. We can generalize this to a setting where the ;

operator becomes a binary operator on processes. The early input and late input become new atomic

actions, satisfying the same axioms as the ones in table 7. Further on, we also define CCS restriction

and CSP synchronisation merge.

On sequential composition, action prefixes and process prefix

134.1 D

EFINITION .

Constants:

erm(v)£Acearlyinputaction(foreach v£V,m£M)lrm(v)£Aclateinputaction(foreach v£V,m£M)

Functions:

;:P�P�Pprocess prefix

Intable9, a£A,X,Y,X i£P.

We now have two types of actions, basic actions that satisfy a;X = aøX

, and other actions, called

non-basic. Here, we have basic actions

¶, rm(i), s m(i), c m(i), rm and non-basic actions erm(v), lr m(v)andwecanwrite

|Ac|=|Ac

b

|fi|Ac

nb

|, with |Ac

b

|�|Ac

nb

|=˚.

er m(v)Øa=¶

lr m(v)Øa=¶erm(v)�p = ¶

lr m(v)�p = ¶

¶;X=¶

r m(i);X=r m(i)øX

s m(i);X=s

c m(i);X=c

r m;X=rmøX

er m(v);X=r młN´v.X

lr

m¥N´v.X

(X+Y);Z=X;Z+Y;Z

(XøY);Z=X;(Y;Z)

(a

¥N�X1,...,Xn–);Y=a¥N�X1;Y,...,Xn;Y–TABLE 11. Process prefix.

4.2 E

X A M P L E .

Asanexampleoftheuseoftheprocessprefix,wecandefineparallelinput:

( lr1(v)�lr

2(w));P(v,w) describes a process that receives two inputs independently along ports

1 and

2, and then continues

dependentupontheseinputs,underlatebisimulationsemantics,whereas

( er1(v)�er describesthesameprocessunderearlybisimulationsemantics.Wecanevenmixearlyandlateasin

( lr1(v)�lr2(w)�er

3(x));P(v,w,x).

Further, we allow the following:

(

3(v));P(v,w).

1 4 J.C.M.Baeten & J.A.Bergstra

4.3 E

X A M P L E .

Inthisexample,weusetheabbreviation sm(v)fortheterm sm(1)Øv=1�¶+...+s m(n)Øv=n�¶( c f . 3 . 9 ) .

Withthisabbreviation,wecanspecifyaone-itembufferwithinputport

1andoutputport

2asfollows:

B=(er1(v);s2(v))øB.

A two-item buffer containing one item (initially given by v) can be specified by means of a set of two

equations:

C=(er

1(w)�s

2(v));D

D=(er

1(v)�s2(w));C.

4.4 E

LIMINATION .

For the theory including process prefix, we still have an elimination theorem as in 3.8: also the extra

operatorprocessprefixcanbeeliminatedfromprocessclosedterms.

4.5 I

TERATION

,EXITS .

We obtain another application of the process prefix if we look at the prefix iteration operator, in

combinationwithspecialnon-basicactions.

Ac

b

is the set of basic actions, actions satisfying a;X=aøX .

Functions:

_•;:P�Pprefixiteration �

:A

c

b

fiAc

nb

�Ac

nb

exitoperator a

�

;X=a

a

�

øX=a

�

a

�

Øb=¶

a

�

=b

�

�a=b

X

•;=X;X•;TABLE12.Iterationandexits.

4.6 E

X A M P L E S .

i . Put

P = (a + b

�

)

•; for basic a,b. Then

�

);P = a;P + b

�

;P = aøP + b, s o P solves a well-

known equation.

i i . All linear systems of equations over

b

can be solved using this mechanism. As an example, we

considerasystemwiththreeequations,all aij£Ac

b

.LetX1=a11øX1+a12øX2+a13øX3+a14X2=a21øX1+a22øX2+a23øX3+a24X3=a31øX1+a32øX2+a33øX3+a34.

Put

U3 = a

� �

31 + a

�

32+a33+

a

� � �

34U2=a

�

21+a22+a23øU3

•;

+

a

� �

24

On sequential composition, action prefixes and process prefix

15U1=a11+a12øU2

•;

+a13øU3 øU2 +

a

�

14,

thenitisaneasycalculationtoshowthat

X1=U1

X2=U2 ;U1 X3=U3 ;U2 .

4.7 CCS

R E S T R I C T I O N .

For use in the following section, we define the CCS restriction operator (with a subscript

¶ to indicate

thatwearerenamingto

¶,notto

0asinCCS):

\¶:P�M�Prestriction

X\¶m=^{rm(i),sm(i)|i=1,...,n}

(X)TABLE

13. Restriction.

4.8 S

YNCHRONISATION MERGE .

In order to define the CSP synchronisation merge, we start from a finite set of atomic synchronisation

actions,

Ac

sy

.Foreach a£Ac

sy

,weaddanewatomicaction a2.Thisgivesustheset Ac2

sy

={a2|a£Ac

sy

}.On these atoms, we define a special communication function

'sy by means of the first axioms of table

14. Next, we have the renaming operator

¤2�1 that removes squares again; it is based on the function

(2�1)onatomsgiveninthenexttwoaxiomsoftable14.

Finally, let

H be a subset of

sy

.Thenwedefinethefollowingoperators:

�H:P�P�Psynchronisation merge ( H“A c

sy

)�H:P�P�Psynchronisationleftmerge( c

sy

)ØH:P�P�P synchronisationcommunicationmerge(

H“Ac

sy

)

Inthedefinition,weusetheset

K={a2|a£Ac

sy

-H}.

aØa=a

2fora£Ac

sy

aØb=¶ otherwise

(2�1)(a

2) = afora£Ac

sy

(2�1)(a) = a fora£Ac

sy

ora=¶X�HY=¤2�1łK̂łĤ(¤2�1(X)�¤2�1(Y))

X�

HY=¤2�1łK̂łĤ(¤2�1(X)�¤2�1(Y))

XØ

HY=¤2�1łK̂łĤ(¤2�1(X)Ø¤2�1(Y))TABLE

14. Synchronisation merge.

1 6 J.C.M.Baeten & J.A.Bergstra

5. SRM

SPECIFICATIONS

.Of the theory developed in section 3, we can specify several subalgebras of reduced models. As a

starting point we take the theory FPA

E C A

(N, rsc

). This is FPA

(N) together with the additional

syntax and axioms of section 3.1 through 3.5.

5.1 B

ASIC VALUE MATCHING ALGEBRA .

Let

I be the initial algebra of FPA

). The signature �(BVMA) is obtained by deleting

functional prefixing, all prefix operators and the input actions r

m. Then

�I–�(BVMA)

is axiomatised by

ACP(|

Ac|, ') plus Booleans of 3.2 and substitution of 3.3, where |

Ac| = {rm(i), sm(i), cm(i) | i £ N, m

£

M} and

' is given by the axioms in table 4. This is the theory BVMA (Basic Value Matching

Algebra), also called ACP with read-send communication, that was used in [BK86], [B

AE90].

5.2 V

ALUE MATCHING CALCULUS .

L e t

I b e t h e i n i t i a l a l g e b r a o f F P A

) . T h e s i g n a t u r e � ( V M C ) i s l i s t e d b e l o w . T h e n

�

I–�(VMC)

is axiomatised by the axioms A1,2,3,6,7, CM1,4,8,9 of ACP plus the axioms in table 5

(Booleans), the axioms in table 7 (substitution) except for the sixth and seventh, and the axioms in

tables 15 and 16 below. This is the theory VMC (Value Matching Calculus), very similar to finitary

CCSunderstrongearlybisimulationsemantics.

By axiomatisation of an algebra by a calculus, we understand that all valid closed identities are

provablefromtheaxiomsandrulesofthecalculus.

On sequential composition, action prefixes and process prefix

17erm(v);X+er m(v);Y=

=er m(v);X+er m(v);Y+er m(v);(X

Øv=p�Y)EIAerm(v);X=er m(w);X[w/v] ifw�FV(X)¶�X=¶erm(v);X�Y=er m(v);(X�Y) ifv�FV(Y)sm(i);X�Y=s m(i);(X�Y) cm(i);X�Y=c

¶ØX=¶

XØ¶=¶

er m(v);XØsm(i);Y=cm(i);(X[i/v]�Y)

er m(v);XØsk(i);Y=¶ifm›k

s m(i);XØerm(v);Y=cm(i);(X�Y[i/v])

s m(i);XØerk(v);Y=¶ifm›k

er m(v);XØerk(w);Y=¶

s m(i);XØsk(j);Y=¶

c m(i);XØY=¶

XØc m(i);Y=¶¶\¶m=¶

er m(v);X\¶m=¶

er m(v);X\¶k=erm(v);(X\¶k)ifm›k

s m(i);X\¶m=¶

s m(i);X\¶k=sm(i);(X\¶k)ifm›k

c m(i);X\¶k=cm(i);(X\¶k)

(X+Y)\

¶m=X\¶m+Y\¶mTABLE15.Valuematchingcalculus.

ThesignatureofVMC:

Sorts:

Pprocesses

Bbooleans

Constants:

¶£P nilT,F£B true, false

Functions:

erm(v);_:P�P earlyinputprefix,for

m£M,v£Var(N)

s m(i);_:P�P outputprefix,for

m£M,i£N

J.C.M.Baeten & J.A.Bergstra

cm(i);_:P�P communicationprefix,for

m£M,i£N

+:P�P�P alternativecomposition,sum

�:P�P�Pparallelcomposition,merge

�:P�P�Pleft-merge

Ø:P�P�P communicationmerge

\¶:P�M�Prestriction

� _

:B�B negation

_�_

:B�B�B disjunction

:B�B�B conjunction

(_=_):N�N�B dataequality

_Ø_�:P�B�P�P conditional

_[_/_]:P�N�V�P substitution on P

_[_/_]:B�N�V�B

B

_[_/_]:N�N�V�N

N.In table 15, the crucial axiom is early input axiom EIA taken from [MPW91]. In fact, it constitutes the

difference between early and late semantics. Essentially, it is the same axiom as axiom G4 of [GP91].

This specification is actually a calculus, since we make essential use of the notions of free and bound

variables.Wedefinethesetechnicalitiesinthefollowingtable16.

FV(¶)=˚

FV(er m(v);X)=FV(X)-{v}

FV(s m(i);X)=FV(X)

FV(c

FV(X+Y)=FV(X)fiFV(Y)

FV(X

Ø ”�Y)=FV(X)fiFV(”)fiFV(Y)

FV(T)=˚

FV(F)=˚

FV(� ”) = FV(”)

FV(” � ') = FV(”) fi FV(')

FV(” � ') = FV(”) fi FV(')

FV(p=q)=FV(p)fiFV(q)

FV(i)=˚

FV(v)={v}

(er m(w);X)[p/v]=er m(w);X[p/v] ifv›wandw�FV(p)

(s m(i);X)[p/v]=s m(i);X

(c m(i);X)[p/v]=c

TABLE16.Freevariablesandextrasubstitutionaxioms.

On sequential composition, action prefixes and process prefix

195.3 V

ALUE PASSING CALCULUS .

Let

I be the initial algebra of FPA ECA (N, rsc

). The signature �(VPC) is the same as �(VMC), only

with the early input prefix replaced by the late input prefix. Then

�

I – �(VPC) is axiomatised by the

axioms of VMC without the axioms involving early input but with the axioms of table 17. The crucial

difference is the absence of a counterpart of the Early Input Axiom. This is the theory VPC (Value

PassingCalculus),verysimilartofinitaryCCSunderstronglatebisimulationsemantics.

lrm(v);X=lr m(w);X[w/v] ifw�FV(X)lrm(v);X�Y=lr m(v);(X�Y) ifv�FV(Y)

lr m(v);XØsm(i);Y=cm(i);(X[i/v]�Y)

lr m(v);XØsk(i);Y=¶ifm›k

s m(i);XØlrm(v);Y=cm(i);(X�Y[i/v])

s m(i);XØlrm(v);Y=¶ifm›k

lr m(v);XØlrk(w);Y=¶

lr m(v);X\¶m=¶

lr m(v);X\¶k=lrm(v);(X\¶k)ifm›k

FV(lr m(v);X)=FV(X)-{v}

(lr m(w);X)[p/v]=lr m(w);X[p/v] ifv›wandw�FV(p)TABLE17.Valuepassingcalculus.

5.4 V

ALUE PASSING ALGEBRA .

Let

ECA(N,rsc

). The signature �(VPA) is listed below. Then

�

I–�(VPA)

isaxiomatisedbytheaxiomsofACPplustheaxiomsoftable18below.ThisisthetheoryVPA(Value

PassingAlgebra),analgebraicvariantofVPC.

Sorts:

Pprocesses

A “ P subsortofatomicactions

Nsetofnumbers

{1,...,n}

P

Nfunctions from

N to processes

Constants:

¶£A inactionrm£A lateinputaction,for

m£Msm(i)£Aoutputaction,for m£M,i£N

c m(i)£Acommunicationaction,for

m£M,i£NFunctions:

+:P�P�Palternativecomposition,sum ø:P�P�Psequentialcomposition,product

�:P�P�Pparallelcomposition,merge

J.C.M.Baeten & J.A.Bergstra

�:P�P�Pleft-merge

Ø:P�P�P communicationmerge

^:A�P�Pencapsulationoperator

�_,...,_–:P�...�P�P

Nsequence of processes of length

n¥N:A�PN�Platefunctionalprefix

On sequential composition, action prefixes and process prefix

21rmØa=¶

s m(i)Øa=¶

c

(r

m¥N�X1,...,Xn–)Øsm(i)=cm(i)øXi(rm¥NF)Øsk(i)=¶ifk›m

s m(i)Ø(rm¥N�X1,...,Xn–)=cm(i)øX ism(i)Ø(rk¥NF)=¶ifk›m

(r

m¥N�X1,...,Xn–)Øsm(i)øY=cm(i)ø(Xi�Y)

(r

m¥NF)Øsk(i)øX=¶ifk›m

s m(i)øYØ(r

m¥N�X1,...,Xn–)=cm(i)ø(Y�Xi)

s m(i)øXØ(rk¥NF)=¶ifk›m

(r

m¥NF)Ørk=¶

r mØ(rk¥NF)=¶

(r

m¥NF)ØrkøX=¶rmøXØ(rk¥NF)=¶(rm¥NF)Øck(i)=¶

c m(i)Ø(rk¥NF)=¶(rm¥NF)Øck(i)øX=¶cm(i)øXØ(rk¥NF)=¶¶ØX=¶

XØ¶=¶

¶

¥NF=¶

s m(i)¥NF=¶

c

(a

¥N�X1,...,Xn–)øY=a¥N�X1øY,...,XnøY–

(a

¥N�X1,...,Xn–)�Y=a¥N�X1�Y,...,Xn�Y–

^

{a}(b¥N�X1,...,X n–)=^{a}(b)¥N�^{a}(X1),...,^{a}(Xn)–

(a

¥NF)Ø(b¥NG)=¶ECATABLE18.Valuepassingalgebra.

5.5 S

YNCHRONISATION MERGE .

2 2 J.C.M.Baeten & J.A.Bergstra

AsalastSRMspecification,weconsideradirectaxiomatisationofthesynchronisationmerge.Let Ibe

the initial algebra of ACP(|

Ac

sy

|fi|Ac2

sy

|, 'sy) + RN plus synchronisation merge of 4.8. The signature

�(SY)containsconstants|

A

c

sy

| fi {¶} and operators

+,ø , �

H,�H,ØH forH “ A c

sy

. Then

�I–�(SY)

i s

axiomatisedbytheaxiomsA1-7ofACPplustheaxiomsintable19below.

X�HY=X�HY+Y�HX+XØHY

a�

HX=aøX ifa�H

a�

HX=¶ifa£H

aøX�

HY=aø(X�

HY)ifa�H

aøX�

HY=¶ifa£H

(X+Y)�

HZ=X�HZ+Y�HZ

aØ

Ha=a ifa£H

aØ

Hb=¶ ifa�Horb�Hora›b

aøXØ

Hb=(aØ Hb)øX

aØ

HbøX=(aØ Hb)øX

aøXØ

HbøY=(aØHb)ø(X�HY)

(X+Y)Ø

HZ=XØ HZ+YØ HZ

XØ

H(Y+Z)=XØ HY+XØ HZTABLE

19. Synchronisation merge.

6. CONCLUSION

.We conclude that this paper provides a satisfactory connection between the process calculus CCS and

the process algebra axiomatisation ACP. By means of extra operators on top of ACP we can define on

the one hand a new operator called process prefix, and on the other hand obtain versions of value

passing CCS as subalgebras of reduced model specifications. In addition, some key features of CSP

havebeenmodeledinasimilarfashion.

REFERENCES

.[BAE90] J.C.M. B

AETEN

,Applications of process algebra,

Cambridge Tracts in TCS 17, Cambridge

University Press 1990.

[BB88] J.C.M. B

& J.A. B

E R G S T R A

,Global renamings in concrete process algebra,

Inf. and

Comp. 78, 1988, pp. 205-245.

[BB90] J.C.M. B

,Process algebra with a zero object, in: Proc. CONCUR

90, Amsterdam (J.C.M. Baeten & J.W. Klop, eds.), Springer LNCS 458, 1990, pp. 83-98.

[ B B 9 2 ] J . C . M . B

A E T E N

& J . A . B

,P r o c e s s a l g e b r a w i t h s i g n a l s a n d c o n d i t i o n s , i n :

Programming and Mathematical Method, Marktoberdorf 1990 (M. Broy, ed.), NATO ASI Series F 88,

Springer Verlag 1992, pp. 273-323.

[ B W 9 0 ] J . C . M . B

& W . P . W

E I J L A N D

,P r o c e s s a l g e b r a ,

C a m b r i d g e T r a c t s i n T C S 1 8 ,

Cambridge University Press 1990.

On sequential composition, action prefixes and process prefix

23[BZ82] J.W.

DEBAKKER

& J.I. Z

UCKER

,Processes and the denotational semantics of concurrency,

Inf. & Control 54 (1/2), 1982, pp. 70-120.

[BK82] J.A. B

ERGSTRA

& J.W. K

L O P

,Fixed point semantics in process algebras, report IW 206,

MathematicalCentre,Amsterdam1982.

[ B K 8 4 ] J . A . B

E R G S T R A

,P r o c e s s a l g e b r a f o r s y n c h r o n o u s c o m m u n i c a t i o n ,

Inf. &

Control 60, 1984, pp. 109-137.

[BK86] J.A. B

LOP,Verification of an alternating bit protocol by means of process

algebra, in: Math. Methods of Spec. and Synthesis of Software Systems ’85 (W. Bibel & K.P. Jantke,

eds.), Springer LNCS 215, 1986, pp. 9-23.

[ B T 8 4 ] J . A . B

& J . V . T

U C K E R

,T o p d o w n d e s i g n a n d t h e a l g e b r a o f c o m m u n i c a t i n g

processes,

Sci. of Comp. Progr. 5, 1984, pp. 171-199.

[BT87] J.A. B

& J.V. T

,Algebraic specifications of computable and semicomputable

datatypes,

TCS 50, 1987, pp. 137-181.

[ B

R I88] H. B

R I N K S M A

,O n t h e d e s i g n o f e x t e n d e d L O T O S — a s p e c i f i c a t i o n l a n g u a g e f o r o p e n

distributed systems,

Ph.D. Thesis, University of Twente 1988.

[BHR84] S.D. B

R O O K E S

, C.A.R. H

OARE

& A.W. R

O S C O E

,A theory of communicating sequential

processes,

JACM 31 (3), 1984, pp. 560-599.

[EN86] U. E

NGBERG

& M. N

IELSEN

,A calculus of communicating systems with label passing, report

DAIMI PB-208, Aarhus University 1986.

[GP91] J.F. G

ROOTE

& A. P

ONSE

,Process algebra with guards (combining Hoare logic with process

algebra), in: Proc. CONCUR’91, Amsterdam (J.C.M. Baeten & J.F. Groote, eds.), Springer LNCS

527, 1991, pp. 235-249.

[ H I 9 1 ] M . H

E N N E S S Y

& M. I

N G O L F S D O T T I R

,A t h e o r y o f c o m m u n i c a t i n g p r o c e s s e s w i t h v a l u e -

passing,

I&C 1991.

[HL93] M. H

& H. L

IN,Proof systems for message-passing process algebras, report 5/93,

University of Sussex 1993.

[H

OA78] C.A.R. H

,Communicating sequential processes

, CACM 21, 1978, pp. 666-677.

[H

OA85] C.A.R. H

, Prentice Hall 1985.

[ H H J + 8 7 ] C . A . R . H

O A R E

, I . J . H

A Y E S , H EJI F E N G

, C . C . M

O R G A N

, A . W . R

, J . W .

S

A N D E R S

, I.H. S

O R E N S E N

, J.M. S

PIVEY

& B.A. S

U F R I N

,Laws of programming,

CACM 30, 1987,

pp. 672-686.

[K

AM79] S. K

AMIN

,Some definitions for algebraic datatype specifications,

ACM Sigplan Notices 14,

1979, pp. 28-37.

[M

IL80] R. M

ILNER

,A calculus for communicating systems,

Springer LNCS 92, 1980.

[M

IL89]R.M

,Communicationandconcurrency,

Prentice-Hall1989.

[ M P W 9 1 ] R . M

I L N E R

, J. P

A R R O W

& D. W

A L K E R

,M o d a l l o g i c s f o r m o b i l e p r o c e s s e s , i n : P r o c .

CONCUR’91, Amsterdam (J.C.M. Baeten & J.F. Groote, eds.), Springer LNCS 527, 1991, pp. 45-

6 0 .

[MPW92] R. M

ARROW

,A calculus of mobile processes,

I&C 100, 1992,

pp. 1-77.

J.C.M.Baeten & J.A.Bergstra

[PA R81] D.M.R. P

A R K

,Concurrency and automata on infinite sequences, in: Proc. 5th GI Conf. (P.

Deussen, ed.), Springer LNCS 104, 1981, pp. 167-183.

[ V

A A90] F.W. V

A A N D R A G E R

,Algebraic techniques for concurrency and their application,

P h . D .

Thesis, University of Amsterdam 1990.

[ V

E R92] C. V

E R H O E F

,L i n e a r u n a r y o p e r a t o r s i n p r o c e s s a l g e b r a ,

P h . D . T h e s i s , U n i v e r s i t y o f

Amsterdam1992.